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PERMBLEDHIJE

Studimi i pikave fikse té funksioneve fuzzy nén kushte kontraktive ose lokalisht kontraktive lidhur me distancén d,
éshté i pérdorshém né llogaritjen e dimensioneve té Hansdorffit. KEto dimensione ndihmojné studjuesit té kuptojné
hapésirat € té cilat jané té pérdorshme né fizikén e energjive shumé té larta. Qéllimi i kétij punimi éshté té
prezantojé disa teorema té reja pér pikat fikse té funksioneve fuzzy nén kushte kontraktive. Rrezultati kryesor: Le té
jeté (X,d) hapésiré e ploté metrike. Atéheré pérftojmé hapésirén fractale (C(X),dy) dhe hapésirén fractale fuzzy
(72(X),d.,) . Né& qofté se funksioni fuzzy T: 7 #(X) — ~#(X) kénaq disa kushte kontraktiviteti shtesg, né raport
me rezultatet e deritanishme atéheré ky funksion ka njé piké fikse. Distanca d., si dhe pérafrimi qé presupozon

dobésimin e kushteve té kontraktivitetit té kétyre funksioneve né até shkallé gée té sigurojé ekzistencén e pikave
fikse pérfagésojné metodén e ndjekur pér té arritur né pérfundimin e kérkuar. Krahas fushave té mésipérme té
zbatimit té pikave fikse fuzzy kjo teori gjen zbatim edhe né sistemet dinamike, teoriné e lojrave fuzzy etj.

SUMMARY

The study of fixed points of fuzzy set-valued mappings under contractive and locally contractive conditions related
to the d, - metric is useful for computing Hausdorff dimensions. These dimensions help us to understand e”-
spaces which are used in high energy physics. The aim of this work is to present some new fixed point theorems for
fuzzy set-valued mappings under contractive conditions. Let (X,d)be a complete metric space, then we get the
fractal space (C(X),dy) and the fuzzy fractal space (~#(X),dy,). If the fuzzy mappings T: 7 #(X) = ~4(X)

satisfying additional conditions then these mappings have a fixed point. Using the properties of the distance d,,
induced by the Hansdorff distance of the family of fuzzy sets several fixed point and common fixed point are
obtained. The methods of successive approximations, used to approximate the fixed points. Fuzzy fixed point theory
can be used in dynamical systems, fuzzy game theory, multi-valued fractals etc. Also, our results are useful in
geometric problems arising in high energy physics.
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1. INTRODUCTION AND PRELIMINARIES studied the d,, -metric[5,6,7,13,14,16] induced
The concept of fuzzy sets was introduced by by Hausdorff metric. Fixed point theorems for
Zadeh [17]. On subspaces of fuzzy sets are used fuzzy set-valued mappings have been studied by

many metrics, where most frequently have been Heilpern [4] who introduced the concept of fuzzy
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contraction mappings and established Banach
contraction principle for fuzzy mappings in
complete metric linear spaces. Qiu and Shu [14]
established the ~(X), the class of fuzzy sets
with nonempty bounded closed o -cut sets
equipped with d., -metric and proved common
fixed point theorems for a sequence of fuzzy-self
mappings in this.. Also Qiu and Shu [13]
considered the ~(X) the class of fuzzy sets with
nonempty compact o-cut sets equipped with
d,, -metric. Common fixed point theorems for
fuzzy self-mappings in  ~#(X) under @ -
contraction conditions are proved. It is known
that all compact sets are bounded closed sets in a
general metric space and the converse is not
always true. So in general the ~(X) is proper
subset of ~7(X).

As corollary of results in [14] we have the
following theorem which is the fuzzy version of
well known Nadler theorem:

Theorem 1.1 Let (X,d) be a complete metric
space and ~#(X) the class of fuzzy sets with
nonempty closed bounded o -cut sets, equipped
with the supremum metric dy,
F: 2 2(X)— 24(X)
satisfying

be a fuzzy self-mapping

oo (F(1),F(M)) < ad o (1, M)
where 0<q<1, forall u,ne ~#(X). Then there
exists a p, € ~#(X) such that p, cF(u.) .
In this paper we prove common fixed point

theorem for a sequence of fuzzy self-mappings in
~#(X) under @ -contraction condition using a

new technique of proofs. Also a new class of
fuzzy self-mappings on ~#(X) satisfying a
rational inequality is considered. Our theorems
generalize and improve some recent results in
literature.

Through this paper, we shall use the following
notations which have been recoded from [14].
Let (X,d) be a metric space and let CB(X) be the
set of all bounded closed subsets of X. The
Hausdorff metric is defined as:

H(A,B) = max{sup,ginf,ca d(x,y),supycainf, g dix,y)}
=max{p(B,A),p(A,B)}
where A,BeCB(X) and
P(A,B) =sup,cninf, g d(x,y) =sup,ca d(x,B) is the

Hausdorff separation of A from B.

Lemma 1[14] The metric space (CB(X),H) is
complete provided (X,d) is complete.

Let (X,d) be a metric space. A fuzzy set pn on X is
defined by its membership function p(x) which is
a mapping from X into [0,1]=1. The o -cut of n
is

[l ={xeX:u(x)>a}
where 0<a <1, and the support [u]0 of u to be

the closure of the union of [u]* for O<a<1.
The totality of fuzzy sets p:X—[0,1]=I1 which
satisfy that for each a €1, the a -cut of p is non-
empty bounded closed in X is denoted by
77 (X) .

By ~(X) is denoted the collection of all fuzzy sets
p:X—[0,1]1=1 which satisfy that for each a€l,
the o -cut of p is non-empty compact in X. It is
easy to see that ~(X) is proper subset of #7(X).
Let pq,up €74(X). Then pg is said to be
included in p,, denoted by p; c—p,, if and only
if np(x)<py(x) for each xeX. Thus we have

thatu, cu, if and only if [uy]* <[u,]* for all
ael.

The d., -metric is induced by the Hausdorff
metric is defined as

Ao (11, 12) =max{po, (1, H2), Poo (2, 1)}

where pq,u1, € 2 #(X) and

Poo (b1, H2) =SUPo<q<1 Pl [15]%) is the
Hausdorff separation of p; from p, .

Let {u,} be asequencein ~#(X). It follows from
the definition of d,, that p, converges with
respect to the d,, -metric if and only if [u,]*

converges uniformly in o€l with respect to the
Hausdorff metric.
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Definition 1 [14] Let (X,d) and (Y,p) be two
metric spaces. A mapping F is said to be a fuzzy
mappings if and only if F is mapping from the
space ~(X) into ~4(Y), i.e., Fu)e~ (YY) for
each pe~#(X). png € ~7(X) is said to be a fixed
point of a fuzzy self-mapping F of ~#(X) if and
only if ng =F(ug) -

Lemma 2[14] Let pq,u,,u3 €< #(X). Then we

Theorem 1[14] The metric space (- #(X),d,,) is
complete provided (X,d) is complete.

Theorem 3 [14] Let (X,d) be a metric space
and pq,1, € 2#(X) . Then

(i) for any €>0 and any p; e~ »(X) satisfying
l3 S g, there exists a iy € 2 #(X) such that

Hgq SHp and

have

(i) poolity,p)=0 ifand onlyif uy cp,

(i) dos(1tq,15) =0 ifand only if py =p,

(iii) if py cpy then po(pg,p3) <dg, (1o, 13)
(i) Poo (1, 13) S dg (g, 12) + Pos (K, 13)

Ao (3, 1a) S doo (Hg, Hp) +€
(ii) for any B>1 and any pz € ~(X) satisfying
3 S g, there exists a py € 2~ #(X) such that
Hgq S Hp and

doo (M3, H4) < Bdos (11, 12)

Theorem 4[14] Let (X,d) be a complete metric space and let {Fl}ioil be a sequence of fuzzy self-mappings
of ~(X). If there exists a constant q, 0<q<1, such that for each p,ne ~#(X)
do, (F (1), Fj(n)) < amax{d., (11, M), Poo (1, F (1)), Poe (N, Fj (M),
[Poo (11, Fj(M)) + pos (M, F (1)1 / 2}

then there exists a p, € 2#(X) such that p, cF(u.), for all ieZ".

Lemma 3[2] Let ¢:R* —R" be a non-decreasing function satisfying the following conditions: ¢ is

continuous from the right and Z(pi(t) <o ((pi denote the i-th iterative function of ¢ ). Then ¢(t)<t.
i=0

3. COMMON FIXED POINT THEOREMS
Throughout this section ¢ be a function satisfying the conditions of Lemma 3.

Theorem 3.1 Let (X,d) be a complete metric space and let {F}2; be a sequence of fuzzy self-mappings
of ~(X) such that
doo (R (W), F;(N) < @(m(p,m)) forall p,m e ~2(X) (1)
where the strict inequality holds if m(p, 1) =0 and
m(p, 1) =max{d., (1, M), Peo (1, F (1), Poo (N, F (M), [P oo (11, F (M) + pos (M, R (11))1/ 2}

Then there exists a ., € ~#(X) such that p,. cF(w.), forall ieZ".

Proof. Let pge~#(X) and pqcF(ng). We may assume that m(pg,pq)#0, for otherwise
Poo (g, F1(1o)) <mlpg, 1) =0 and by Lemma 2 pg < F(1g) and pg is the fixed point of F; . Similarly, it
can be shown that pg is the fixed point of F and so p is the fixed point of {F}2; .

From (1) we have

Ao (F1 (o), Fa (1)) < @(mlug, 1q)) -
So we may choose g; >0 with
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Ao (F (o), Fa (1)) + €1 <@Mlpg, 1)) - (2)
By Theorem 3 we can find p, € ~#(X) such that u, <F(u,) and
Ao (11, 12) S dg (Fr (ko) o (M) + €1 (3)
From the above two inequalities we get
Ao (11, H2) < @(mMlpg, 1))
< @(max{dy (1o, H1),Poo (Mo, Fr(H0)), Poo (1, Fa (1)),
[Poo (1o, Fa (1)) +Poo (g, Fy (L )]/ 2})
< @(max{dy (1o, M), do (1, 1), [dee (g, 1) + Ao (1, 12)1/2})
Since po;(Ho,Fr (ko)) <dw (Mo, H1) +Poo (M1, Fr (o)) @and po, (g,F (1p)) =0, we have
Pao(Mo,Fr(Hg)) S ds (o, 1q) - Also pos(pq,Fr (k1)) Sdgs (1, 17) , since
Poo (M1, Fo (1)) S oo (11, 12) + Poo (2, F1 (1)) and poy(pp,Fy(pg))=0.
If max{d,(no, k1), deo(bg,12),[des (R 1) +dog (111, 142)1/ 2} = dog (119, 1) then

Ao (M1, 12) S O(dos (Mo, 1)) <Aoo (19, 17) (5)
which is a contradiction.

Thus max{d. (1o, 11),de (11,12 ), (s (o 1) +dog (111, 142)1/ 2} = Aoy (119, 14) @nd sO
Ao (11, 12) S O(dos (1o, 11 )) (6)
By induction, we produce a sequence {u,} of points of ##(X) such that
{un+1 cFy1(uy), n=0,1,2,..
oo (Hns 1) < @(doo (-1, 10 ))-
From the above inequality and since ¢ is non-decreasing, we have

(4)

(7)

dos (M 1) S @ (o1, 1n)) S+ < 0" (dog (o, 1)) (8)
Furthermore for arbitrary positive integers m and k , we have

k+m-1 k+m-1 i
oo (Hipm M) < Zk doo (145, 1i11) < Zk ¢ (ds (o 11))  (9)
1= i=

It follows that {u,} is a Cauchy sequence in ~#(X). Since (X,d) is complete, by Theorem 1, (~#(X),d,,)
is complete. Let p, = [, €7 7(X). Next we show that p, cF(u.) forall ieZ".
For arbitrary i and j, i#j, by Lemma 2 we have
Poo (Fa, Fi (1)) < dog (e, 1) + dog (F (11 ), Fi(124)
S do (e, 1) + @lmax{do (11, 1), Poo (1, Fj (1)) Poo (s, Fi (1)),
[P (11 Fi (1)) oo (1 Fy 11101/ 2) (10)
Sdo (e, 1) + @(max{d (11, ), doo (-1, 1), Poo (s, Fi(124)),
(Ao (K, k) + dog (115 B ) + oo (1, Fi (114))1/ 2D)
For j— oo, in inequality (10) and using the continuity of ¢, we have

POO(M*,E(H*))S(P(POO(M*IE(H*))) (11)
which implies py (t«,F (L)) =0. By Lemma 2, it follows that p. < F(p.).
If in Theorem 3.1 we choose ¢(t)=kt, where k €[0,1) is a constant, we obtain the following corollary

Corollary 3.2 [14, Theorem 4] Let (X,d) be a complete metric space and let {Fi}ioil be a sequence of fuzzy
self-mappings of ~#(X) such that
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dos (F (1), Fj(n)) < kmax{d, (11, M), pos (1, F (1)), poo (N, Fj (M),
[Poo (11, Fj (M) + Pos (M, R (11))]/ 2}

forall p,mne~7(X).Then there exists a p,. € ~#(X) such that p. cF(u.), forall ie zZ".

(12)

Corollary 3.3 Let (X,d) be a complete metric space and let F be a fuzzy self-mapping of ~7(X) such
that
do. (F(1),F()) < @(m(p,m)) forall pne~#(X) (13)
where the strict inequality holds if m(p,m) =0 and
m(p, M) =max{d,, (1, M), Pos (11, F(1)), Poo (M, FM)), [P (11, F(M)) + pos (N, F(11)1/ 2}
Then there exists a W, € 2 #(X) such that p, < F(u.) -
Proof. As F, =F, for i=1,2,...in Theorem 3.1 we have the Corollary 3.3 .
Let qe[0,1/2). From
amax{d,;, (1, M), Poo (1, F(11)), Poo (M, F(N)), P, (11, F(M)), P (M, F(1)} < 2am(p, 1)
and Corollary 3.2, we deduce the following corollaries.

Corollary 3.4 Let (X,d) be a complete metric space and let {F}i2; be a sequence of fuzzy self-mappings
of ~(X) such that
doo (R (), Fj (M) S kmax{d,, (1, M), pos (1, F (1)), P (N, Fy (M),

(14)
Poo (L F(M)), Poo (M, R (1))}

forall p,me ~#(X).Then there exists a ., € ~#(X) such that n, cF(u,), forall ie Z".
From Corollary 3.4, we deduce the following corollaries.

Corollary 3.5 Let (X,d) be a complete metric space and let {F}i2; be a sequence of fuzzy self-mappings
of ~(X) such that

dos (R (1), F(M)) < @3dos (1, M) + @2 p s (1, F (1) + @3p 0 (M, F (M) +
(15)
4P (1, Fj(N)) +aspo (N, Fi (1))

forall p,me~#(X), where a;,a,,a3,az,as are nonnegative real numbers with Ziszlai <1 and a; >ag.

Then there exists a i, € ~#(X) such that p, cF(u,), forallieZ".
Corollary 3.6 Let (X,d) be a complete metric space and let F be a fuzzy self-mapping of ~#(X) such
that
doo (F(1), F(n)) < Ad, (,m) (16)
forall p,ne ~#(X),where A €[0,1). Then there exists a p, € ~#(X) such that p, < F(u.) .
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