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SUMMARY 

In this paper, we give some fixed point theorems for two, three and generally, fo r m mappings  in m fuzzy metric 

spaces, 2m-  of mappings must be continuous. These resul ts extend, generalize, unify and fuzzyfy some of well -

known fixed point theorems for contractive -type mappings  in metric spaces  for example the theorem of Nung, Jain 

et al.,  Popa,  Telci and the theorem of Fisher. The extending and generalization of these known results  for an 

arbi trary number m of fuzzy metric spaces  is obtained using implici t relations  introduced as  follows: Let mF  be the 

set of continuous functions with m variables :  

[ ] [ ]1,01,0: m ®j , NmÎ  with the following properties : 

1. j  is  no decreasing on m21 t,...,t,t  variables and  2. t)t,...,t,t( ³j  for [ ]1,0tÎ" . 

After that, we prove our theorem from which a  several corollaries follow according as the forms  of implicit 

function j . A counterexample proves that the continuity of 2m-  between m  mappings is necessary.  
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1. INTRODUCTION AND PREL IMINARIES  

Fisher [5] and Popa [12] proved some fixed point 

theorems on two metric spaces. Nung [12] and 

Jain et al. [8] proved similar results for three 

metric spaces. Later, using the implicit relation, 

other authors unified and generalized some of 

the well-known theorems. So Telci [16] and later 

Aliouche and Fisher [1] realized the 

generalization for two mappings on two metric 

spaces.  In this paper, a several known results for 

two and three metric spaces are generalized and 

extended in two, three and in general in m fuzzy 

metric spaces.   

The concept of fuzzy sets was introduced initially 

by Zadeh [17]. George and Veeramani [6] 

modified the concep t of fuzzy metric space which 

was introduced by Kramosil and Michalek [10] 

and defined a Hausdorff topology in this space. 

Grabiec [7] extended the well known fixed point 

theorems of Banach [2] and Edelstein [4] in fuzzy 

metric spaces. In this paper, using a new class of 

implicit relations, we prove a theorem as a 

corollary of which are taken the fuzzyfication of 

theorems: Nung [12], Jain et al [8],  Popa [13],  

Telci [16], the theorem of Fisher [2] etc.  

Firstly, we will  give some known definitions and 

lemmas.  

 

Definition 2 .1. [17] A fuzzy set A in X is a function 

with domain X and values in [ ]1,0 . 

 

Definition2.2.[15] A binary operation 

]1,0[]1,0[]1,0[: ®´*  is called a continuous t-

norm ,if )],1,0([ *  is an abelian topological monoid 
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with the unit 1 such that  dcba *£*  whenever 

ca£  and  db £  for all  a , b , c , d ]1,0[Î . 

Two typical examples of continuous t-norm are  

abba =*  and )b,amin(ba =* . 

 

Definition 2 .3.[6] The 3-tuple ),M,X( *  is called a 

fuzzy metric space if X  is an arbitrary (non-

empty) set, *  is a continuous t-norm and M is a 

fuzzy set on ),0(X
2 ¥´  satisfying the following 

conditions: 

For all Xz,y,x Î  and 0s,t > , 

(FM-1) 0)t,y,x(M > , 

(FM-2) 1)t,y,x(M =  if and only if yx = , 

(FM-3) )t,x,y(M)t,y,x(M = , 

(FM-4) )st,z,x(M)s,z,y(M)t,y,x(M +£*  

(FM-5) [ ]1,0),0(:),y,x(M ®¥×  is continuous.  

Example 2.4.[6] Let )d,X(  be  a metric space. 

Define  abba =*  and 

)y,x(mdkt

kt
)t,y,x(M

n

n

+
= ,

+ÎRn,m,k . 

Then ),M,X( * is a fuzzy metric space. 

In the above example by taking 1nmk ===  we 

get 
)y,x(dt

t
)t,y,x(M

+
= . 

We call  this fuzzy metric induced by a metric d  

the standard fuzzy metric. 

 

Definition2.5[7] Let ),M,X( *  be a fuzzy metric 

space. Then: 

(1) A sequence   }x{ n in X  is said to be 

convergent to a point XxÎ (denoted by 

xxlim n
n

=
¥®

) if 1)t,x,x(Mlim n
n

=
¥®

 for all  

0t > . 

(2) A sequence }x{ n  in X  is called a  Cauchy 

sequence if 1)t,x,x(Mlim npn
n

=+
¥®

for all 0t >  

and 0p > . 

(3) A fuzzy metric space in which every Cauchy 

sequence is convergent is called complete.  

Lemma 2.6.[7] For all  Xy,x Î , ),y,x(M ×  is no 

decreasing. 

Remark 2.7. Throughout this paper, ),M,X( * will 

denote the fuzzy metric space in the sense of 

Definition 2.3 with the following condition: 

   (FM-6) 1)t,y,x(Mlim
t

=
¥®

for all  Xy,x Î and 

0t > . 

Lemma 2.8.[14] Let ),M,X( *  be a fuzzy metric 

space. Then M is a continuous function on 

),0(X
2 ¥´ . 

Lemma 2.9. ([16],[17]) Let }y{ n be a sequence in 

a fuzzy metric space ),M,X( * .If there exist a 

number )1,0(kÎ  such that 

)t,y,y(M)kt,y,y(M n1n1n2n +++ ³  for all  0t >  and 

,...2,1n= then }y{ n  is a Cauchy sequence in X . 

Lemma 2.10.[17] If for all  Xy,x Î , 0t >  and for a 

number )1,0(kÎ , )t,y,x(M)kt,y,x(M ³ , then 

yx = . 

 

3. IMPLICIT RELATIONS  

Let mF  be the set of continuous functions 

with m variables: 

[ ] [ ]1,01,0: m ®j , NmÎ  

with the following properties: 

3.a. j  is no decreasing on m21 t,...,t,t  variables 

and 

3.b. t)t,...,t,t( ³j  for [ ]1,0tÎ" . 

We denote }m,...,2,1{Im = . The following 

functions satisfy the above properties: 

Example 3.1. }t,...,t,tmin{)t,...,t,t( m21m21 =j . 

Example 3.2. 

2
1

mjim21 }]Ij,i:tt[min{)t,...,t,t( Î=j . 

Example 

3.3. p
1

p
m

p
2

p
1m21 }]t,...,t,t[min{)t,...,t,t( =j . 

Example 3.4. m21m21 t...tt)t,...,t,t( ***=j  

where *  is a  t-norm such that ttt ³*  as it is the 

case  }b,amin{ba =* .  

For 5m=  we can give these examples: 

Example 3.5. i54321 t)t,t,t,t,t( =j , 5IiÎ . 

Example 3.6. }t,tmin{)t,t,t,t,t( ji54321 =j , 

5Ij,i Î . 
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Example 3.7. }t,t,tmin{)t,t,t,t,t( kji54321 =j , 

5Ik,j,i Î . 

 

4. MAIN RESUL TS 

Firstly, we give the main theorem for m=2 

and m=3 and then we give the theorem for m 

fuzzy metric spaces.  

 

Theorem 4.1 Let ),M,X( 11 *  and  ),M,Y( 22 *  be 

two complete fuzzy metric spaces and 

YX:T ® , XY:S ®  two maps which satisfy the 

conditions:

))t,STx,x(M),t,Sy,x(M),t,Tx,y(M()kt,STx,Sy(M 11211 j³

))t,TSy,y(M),t,Tx,y(M),t,Sy,x(M()kt,TSy,Tx(M 22122 j³  for 

all  XxÎ , YyÎ , 0t >  where )1,0(kÎ and 

321 , FÎjj . Then ST  has a unique fixed point 

XÎa and TS  has a unique fixed point 

YÎb .Moreover, b=aT  and a=bS . 

 

Theorem 4.2 Let ),M,X( 11 * , ),M,Y( 22 * , ),M,Z( 33 *  be three complete fuzzy metric 

spaces, YX:T ® , ZY:S ® and XZ:R ®  three maps satisfying 

))t,RSTx,x(M),t,RSy,x(M),t,STx,Sy(M),t,Tx,y(M()kt,RSTx,RSy(M 113211 j³    (1) 

))t,TRSy,y(M),t,TRz,y(M),t,RSy,Rz(M),t,Sy,z(M()kt,TRSy,TRz(M 221322 j³  (2) 

))t,STRz,z(M),t,STx,z(M),t,TRz,Tx(M),t,Rz,x(M()kt,STRz,STx(M 332133 j³    (3) 

 

for all  XxÎ , YyÎ , ZzÎ , 0t >  where )1,0(kÎ  and 4321 ,, FÎjjj . If one of the maps R,S,T  is 

continuous, then RST has a unique fixed point XÎa , TRS  has a unique fixed point YÎb and STR  has a 

unique fixed point ZÎg .Moreover, b=aT , g=bS  and a=gR . 

 

Proof. Let 0x  be a arbitrary point in X .Construct the sequenc es }x{ n , }y{ n , }z{ n  in X , Y  and Z , 

respectively , as follows: 

0
n

n x)RST(x =  ,  1nn Txy -=  ,  nn Syz = , NnÎ . 

We will  show that, }x{ n , }y{ n and }z{ n  are Cauchy sequences. 

Denote: 

)t,x,x(M)t(d 1nn1n +=  

)t,y,y(M)t( 1nn2n +=r  

)t,z,z(M)t( 1nn3n +=s  

Apply (2) with 1nzz -=  and nyy = . 

Then:

))t(,1),t(d),t((

))t,y,y(M),t,y,y(M),t,x,x(M),t,z,z(M(

)kt,TRSy,TRz(M)kt,y,y(M)kt(

n1n1n2

1nn2nn2n1n1n1n32

n1n21nn2n

rsj=

j³

==r

--

+--

-+

            (4) 

 

We prove, first, that )}t(d),t(min{)t( 1n1nn --s³r , NnÎ" . 

Suppose that  )}t(d),t(min{)t( 1n1nn --s<r  for some NnÎ .Using properties 3.a and 3.b of 2j , we have 

)t())t(),t(),t(),t(()kt( nnnnn2n r³rrrrj³r  

 or 

)t,y,y(M)kt,y,y(M 1nn21nn2 ++ ³  

Now, from Lemma 2.10 it follows that 1nn yy +=  and 1)t,y,y(M)t( 1nn2n ==r + . So, we get 

)}t(d),t(min{)t(1 1n1nn --s<r= . A contradiction! Remember that [ ]1,0)t(d),t( 1n1n Îs -- . Hence,  
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              )}t(d),t(min{)t( 1n1nn --s³r , NnÎ"                       (5)     

Next, from (4) , after the application of 3.a and 3.b,we find 

             )}t(d),t(min{)kt( 1n1nn --s³r , NnÎ"                           (6)                               

In a similar way, using (3) and (5), we have 

 
Thus, 

               )}t(d),t(min{)kt( 1n1nn --s³s ,  NnÎ"                                                 (7) 

Analogously, applying (1), we find 

        
 So, 

)}t(d),t(min{)kt(d 1n1nn --s³  ,  NnÎ"                                                         (8) 

Applying (8) and (7), considering as t  the number
k

t
, we obtain 

)}
k

t
(d),

k

t
(min{)

k

t
k(d)t(d 2n2n1n1n ---- s³=

 and 

)}
k

t
(d),

k

t
(min{)

k

t
k()t( 2n2n1n1n ---- s³s=s .

By induction we have 

)}
k

t
(d),

k

t
(min{

...)}
k

t
(d),

k

t
(min{)}t(d),t(min{)kt(d

2n12n1

2n2n1n1nn

--

----

s³

³³s³s³

 

  or 

)}
k

t
(d),

k

t
(min{)t(d

1n11n1n --
s³ , NnÎ" .

In the same way  

)}
k

t
(d),

k

t
(min{)t(

1n11n1n --
s³r  

and 

)}
k

t
(d),

k

t
(min{)t(

1n11n1n --
s³s . 

Thus, for NnÎ" , 0t >  we have 

)}
k

t
,x,x(M),

k

t
,z,z(Mmin{)t,x,x(M

1n2111n2131nn1 --+ ³  

)}
k

t
,x,x(M),

k

t
,z,z(Mmin{)t,y,y(M

1n2111n2131nn2 --+ ³  
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)}
k

t
,x,x(M),

k

t
,z,z(Mmin{)t,z,z(M

1n2111n2131nn3 --+ ³  

But ¥=
-¥® 1nn k

t
lim  because )1,0(kÎ  and applying (FM-6) we get 

1)
k

t
,z,z(Mlim)

k

t
(lim

1n213
n1n1

n
==s

-¥®-¥®
 

 and  

1)
k

t
,x,x(Mlim)

k

t
(dlim

1n211
n1n1

n
==

-¥®-¥®
 

Consequently, 

1)t,z,z(Mlim)t,y,y(Mlim)t,x,x(Mlim 1nn3
n

1nn2
n

1nn1
n

=== +
¥®

+
¥®

+
¥®

. 

Now, for all  n  and p , we use the  Definition 2.3, (FM-4) obtaining 

44444444444 344444444444 21
p

pn1pn12n1n11nn1pnn1 )t,x,x(M...)
p

t
,x,x(M)

p

t
,x,x(M)t,x,x(M +-+++++ ***³  

When n  tends to infinity, we have 

43421
p

npn1
n

1...11)t,x,x(Mlim ***³+
¥®

 

Concluding that, 1)t,x,x(Mlim npn1
n

=+
¥®

. 

This shows that }x{ n  is a Cauchy sequence in X . We can show in the same way that }y{ n  and }z{ n , are 

also Cauchy sequences in Y and Z , respectively. That is, 

Xxlim n
n

Îa=
¥®

, Yylim n
n

Îb=
¥®

, Zzlim n
n

Îg=
¥®

. 

Suppose that S  is continuous. Then, since nn Syz =  taking the limit we have  g=bS    (9) 

Applying (1) we get 

))t,x,x(M),t,RS,x(M),t,z,S(M),t,y,(M(

)kt,RSTx,RS(M)kt,x,RS(M

1nn1n11n31n21

n11n1

+++

+

bbbj³

³b=b
 

Now, when n  tends to infinity, using (9) we have 

)t,RS,(M))1),t,RS,(M,1,1()kt,,RS(M 1111 ba³baj³ab  

This means (Lemma 2.10) that a=bRS                                            (10) 

And from (9) we get 

a=gR                                                    (11) 

Using (10) and (2), we obtain 

 
Letting n  tend to infinity we take

)t,,T(M)1),t,T,(M,1,1()kt,,T(M 2222 ba³abj³ba . 

Thus, b=aT                             (12) 

Next, from (9),(11) and (12), we have 

b=a=g=b TTRTRS , 

g=b=a=g SSTSTR , 
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a=g=b=a RRSRST . 

So,a  is a fixed point for RST ,b  is a fixed point for TRS  and g  is a fixed point for STR . 

To prove the uniqueness, we suppose that a¢  is another fixed point of RST .Applying (1) for  a= Ty  

and a¢=x , we have 

 
Applying now 3.a and 3.b for 1j , obtain 

)}t,ST,ST(M),t,T,T(Mmin{)kt,,(M 321 a¢aa¢a³a¢a                (13) 

Next, from (2) it follows that 

 
Thus, we have, )}t,,(M),t,ST,ST(Mmin{)kt,T,T(M 132 a¢aa¢a³a¢a                    (14) 

Now, from (13) and (14) and from the fact that )kt,T,T(M)t,T,T(M 22 a¢a³a¢a ,we have 

)t,ST,ST(M)kt,,(M 31 a¢a³a¢a                                                            (15) 

Finally, from (3), it follows that 

 
Hence, )}t,T,T(M),t,,(Mmin{)kt,ST,ST(M 213 a¢aa¢a³a¢a                       (16)

Again, from (14), (15)  and  (16) and from the fact that )kt,ST,ST(M)t,ST,ST(M 33 a¢a³a¢a  we have 

 
From the inequalities )t,ST,ST(M)kt,ST,ST(M)kt,,(M 331 a¢a³a¢a³a¢a   it follows that 

a¢=a STST , 1)kt,ST,ST(M3 =a¢a  and 1)kt,,(M1 ³a¢a . 

So, a¢=a . 

Thus, a  is the unique fixed point for RST . In the same way we show that b  is the unique fixed point for 

TRS  and g  the unique fixed point for STR .This completes the proof.  

 

Theorem 4.3 Let ),M,X( iii ·  be m  complete metric spaces and let mTi  mappings such that 

1mm1iii XX:T,1m,...,2,1iforXX:T ®-=® +  and from which )2m( - are continuous. If for some  

1miand)1,0(c +FÎjÎ the inequalities are satisfied:  

        (1) 

 for all  11 Xx Î  and 22 Xx Î  
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         (2)        

 for all  22 Xx Î  and 33 Xx Î  , in general 

        (i)  

for all  ii Xx Î , 1i1i Xx ++ Î  for  1m,...,3i -= , and 

        (m) 

 

for all  11 Xx Î  and mm Xx Î , where 3mi +FÎj  for m...,1,2,i= . Then the maps 121mm TT...TT - , 

21mm1 T...TTT - , …, i1mm12i1i T...TTT...TT ---  ,…, m12m1m TT...TT --  have unique fixed point 

,X11Îa ,X22Îa …, ,XiiÎa …, mm XÎa , respectively. Further, 

1mm1iii Tand1m,...,1iforT a=a-=a=a + . 

This theorem is proved in the same way as the theorem 4.2.  

 

 

5. COROLLARIES  

Corollary 5 .1 From Theorem 4.3 for  2m= we 

take the Theorem 4.1 which generalizes and 

fuzzyfies the Theorems Fisher [5], Popa [13] etc.

Corollary 5 .2 If in Corollary 5.1 (theorem 4.1) we 

take 321 FÎj=j=j where 

}t,t,tmin{)t,t,t( 321321 =j we obtain the 

theorem which fuzzyfies the Fisher theorem. 

(Theorem 1.[5]) for metric spaces. 

Corollary 5 .3 If in Corollary 5.1 (theorem 4.1) we 

take 321 FÎj=j=j  where 

2
1

323121321 }]tt,tt,tt[min{)t,t,t( =j , we obtain 

the fuzzyfication of Popa result (Theorem 1[13]) 

for metric spaces. 

Corollary 5 .4 If in Corollary 5.1 (theorem 4.1) we 

take 321 FÎj=j=j  where 

p
1

p
3

p
2

p
1321 }]t,t,t[min{)t,t,t( =j , 0p > ,we obtain 

a generalization of Corollary 5.2 which is taken 

for 1p = .

Remark 5.5 We can obtain many other similar 

results for different j . 

Corollary 5 .6 From the Theorem 4.3 for  3m=  

we take the Theorem 4.2 which generalizes and 

fuzzyfies the Theorems Nung [12], Jain et al [8], 

Kikina[9], etc. 

Corollary 5 .7 If in theorem 4.3 we take 

4321 FÎj=j=j=j  where 

}t,t,t,tmin{)t,t,t,t( 43214321 =j , we obtain the 

theorem which fuzzyfies the  result of Nung [12] 

for metric spaces. 

Corollary 5 .8 If in theorem 4.3 we take 

4321 FÎj=j=j=j  where 
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2
1

423241314321 }]tt,tt,tt,tt[min{)t,t,t,t( =j , we 

take the theorem of Jain, Shrivastava and Fisher 

(Theorem 2 [8]). 

Corollary 5 .9 If 

p
1

p
4

p
3

p
14321 }]t,t,t[min{)t,t,t,t( =j , we take the 

result of Kikina (Theorem 2.1[9], 0F = ) for the 

metric spaces and for 

p
1

p
4

p
3

p
2

p
14321 }]t,t,t,t[min{)t,t,t,t( =j  we take its 

generalization. 

Remark. As corollaries of these results we can 

obtain other propositions determined by the 

form of implicit functions.  
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