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ABSTRACT

A theorem on fixed points in three complete metric
spaces is proved. We obtained our results based on
achievments of Nesi¢ [3] for two mappings of a space
into itself. We have modified the methods used by
Nesi¢ [3] and by Jain, Shrivastava, Fisher [2]. The
Theorem of Jain, Sahu, Fisher [1] is obtained as a
corollary of our result..

PERMBLEDHJE

Né artikull jepet njé teoremé pér pikat fikse né tre
hapésira té plota metrike. Né kété rezultat arritém
duke u mbeshtetur ne rezultatin e NeSi¢ [3] per dy
pasqgyrime té njé hapésire né vetvete. Pér vértetimin e
teoremés kemi modifikuar metodat e pérdorura nga
Nesi¢ né [3] dhe nga Jain, Shrivastava, Fisher né [2].
Rezultati qé ne kemi fituar paraget pérgjithésim té
teoremés Jain, Sahu, Fisher [1].

Keywords: fixed points, metric spaces, complete
metric spaces.

1. INTRODUCTION
In 2003, the following theorem is proved by Nesi¢
[3].
Theorem 1.1 (Nesic.). Let S and T be mappings of
the metric space (X,d) into itself satisfying the
inequality:

[1 +pd(x, y)] d(Sx, Ty) <

<p [d(x, Sx)d(y, Ty) + d(x, y)d(y, Sx)] +

+gmax (d(x, y), d(x, Sx), d(y, Ty), E [d(x, Ty) +d(y, Sx)]
2

for all x,yeX, where p>0 and 0<g<1.
If (X,d) is (T,S)-orbitally complete, then S and T have an
unique fixed point u in X.

Later, the following theorem is proved by Jain, Sahu,
and Fisher [1].

Theorem 1.2. (Jain, Sahu, Fisher [1]) Let (X,d;), (Y,d>)
and (Z,d;) be three complete metric spaces. If T:X—Y,
S:Y—>Z, R:Z—X from which at least two of them are
continuous mappings, satisfying the following
inequalities:

dq (RSTx, RSTX') < cmax {dl(x, x'), dq (x,RSTx), dq (x', RSTX'),

d, (Tx, Tx), d3(STx, STX) |
d, (TRSy, TRSy’) < cmax{ds [y, v'), d v, TRSy), d, (y", TRSy),

d3(Sy, Sy'), d1 (RSy, RSy')}
ds (STRz, STRZ') < cmax{da (z,2"), d3 (z,STRz), ds (z',STRZ'),

dq (Rz,Rz), d2 (TRz, TRz')}

for all x,x’eX, y,y’eY and z,z’Z, where 0<c<1. Then
RST has a unique fixed point u in X, TRS has a unique
fixed point v in Y and STR has a unique fixed point w in
Z. Further, Tu=v, Sv=w and Rw=u.

In this paper we will give a generalization of the
Theorem of Jain, Sahu, Fisher [1].

2. MAIN RESULT

Theorem 2.1. Let (X,d;), (Y,d,) and (Z,d;) be three
complete metric spaces. If T:X->Y, S:Y=>Z and R:Z->X
are mappings from which at least two of them are
continuous and satisfying the following inequalities:
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[+ pay (1 RsT) + (T, 7 ) + pag (5T, ST) |y (RS ST ) <
<p[ dy (3 RsT)dy (5T, 5T # 0y (RT3 (ST, )+

(1 RST) 0y (T, )+ (1, Ty (xRsT |

+ qmax{d1 (x, x') , d1 (x, RSTx) , d1 (x', RSTx'),

(1)

dy (T, 7). dg (ST, ST )}
[1 +pdy (v, TRSY') + pds (Sy, Sy') +pdy (Rsy, RSy')]
d, (TRsy, TRsy') < p|:d2 (v, TRsy) dy (Rsy,Rsy') +
+dy (y, TRsy') dy (Rsy' Rsy) + 2)
+dy (v, TRSY') d3 (sv',v) + d3 (sv',5v) &5 (v, TRSy):| ;
+amax(dy (v,v'),dy (v, TRSy), dy (v', TRsy'),
d; (Sv,5v'), dy (Rsy, Rsy')}
[1 +pdy (2,5TR2') + pdy (Re,Rz') +pd, (TRz, TRz')]
dz (STRz, STR2') < p[d3 (2,5TRz) d, (TRz, TRZ') +
+dy (2,5TR2') d, (TRz, TRZ') +
+d3 (2, STRZ') dy (Rz',Rz) + d; (Re!,Rz) d (2,5TRz )] +
+qmax{dz (2,2'),d5 (2,5TRz), dy (2, 5TRz'),

d; (Re,Rz'), d, (TRz, TR2')}
for all x,x’eX, y,y’eY and z,z2’€Z,, where p>0, 0<g<1,
then RST has an unique fixed point aeX, TRS has an
unique fixed point €Y and STR has an unique fixed
point yeZ. Further:

Ta=0, SP=y, Ry=a.
Proof. Let x,€X be an arbitrary point. We define
the three sequences (x,), (v.), (z,) with X, YV, Z
respectively as follows:
Xn=(RST) X0, ¥n=TXn1, Z4=Syn; N=1,2, ...
Taking y=y, and y’=y,,., in (2), we obtain:

[1 *pdy (Vn' Vn) +pd3 (Zn In1 ) +pdy (Xn Xn-1 )]

0y (Vnv1:¥n )<l (Vo Ve )1 (%0 %01 )+

+dy (yn'\/n)’< dq (Xn-l'xn)+ d, (Vn'yn)d3 (Zn-l'zn)+
+d3 (Zn-l +2n ) dy (yn Yo+l )]

samax(d (Vo ¥n1) 93 (Vo Ye1 ) 9 (Vo ¥ ).

ds (zn,zn_l),dl (anxn-l )}

(3)

from which we take:

dy (Vi1 ¥n ) < amaxidy (vn, V1) 93 (20,201).
dy (Xn ’ Xn-l)' dy (yn, Yn+1 )} =
= gmaxA
where A ={d; (Yn,Yn-1)-93 (20,201 )

dy (0 %01 )8 (Y Ven )

If maxA=d;(y.1,¥n), then

do(Vne1,¥n)SqA(Yn41,Yn)
and since 0<g<1 it follows that d,(y,41,V,)=0.

So, we always have:
& (¥ne1Yn) < amartey (xn, 501 )83 (Vo ¥na).

(4)
d3 (Zn n1 )}

In the same way, taking z=z, and z’=z,; in (3) we
obtain:

[1 +pd3 (2,20) +pd1 (Xn, X1 ) +Pdy (Vien, Vi )]

d3 (21,20 ) < P13 (2,201 ) &y (Vie1,vn ) +
+d3(2n,20) 8 (VYne1, V) + 83 (20,20 ) 8 (Xp1. %0 ) +
+dy (%1% ) d3 (20,2040 )1+

+qmaxids (2n,2.1 )93 (2n,2n41 )93 (201,70 )

dq (Xn'xn—l)'dz (Vn+1' Yn )i
So,

)
d3 (Zn+1' Zn) < qmax{dl (xn,xn_l),dz (yn+1,yn),

d3 (Zn *Zn1 )}
and using (4), we get:

ds (Zn+1' Zn) < gmax{d; (anxn—l)' d, (anyn-l)'

(5)
d3 (Zn'zn—l )}

In the same way, taking x=x, and x’=x,, in (1), we
obtain:

[1+pdy (x,%n) +Pd) (Vo1 V) +Pd3 (21,20 )

d1 (ne1%n ) < PLYy (0 %41 ) 83 (et 20 ) +

g (%0 ) d3 (Zn'zn+1) +dq (0% ) ¢ (Yn'yn+1)Jr
+dy (¥ Vet ) 8 (%o ket ) +

samax{dy (xn,01). 01 (n 20e1) 0 (01,20,

d (yn+1 ¥ ) ,d3 (Zn+1 1Zn )}
or
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d, ( X )<qmax{d ( n+1)'d2(yn+1'yn)l

d3 (zn+l’zn )}
Using the inequalities (4) and (5), by the last inequality
we obtain:
dl(xn+1,xn)Sqmax{dl(xn,xn_l),dz(yn,yn_l),ds(zn,zn_l)}

(6)
using the inequalities (4), (5) and

n+1’

Taking n=n-1, n-2, ...,
(6) we obtain:

dq (xn, Xn+1) < qn_lmax{dl (x 'XZ)' dz (yl,yz),

)} "
i max{dl xl,xz),d (yl,yz),

d3 (21,
(

d3 (2,2, =" 0
(x1%2). 05

dy (yn'yn+1)

d3 (Zn'zn+1)
d3 (21,7, )y ="
where /¢ = max{d1 (xl,x2 ,d2 (yl yz) d (zl,zz)}

So, the sequences (x,), (v,), (z,) are Cauchy sequences
and they converge in aeX, feY and yeZ respectively,
since the metric spaces (X,d;), (Y,d,) and (Z,d;) are
complete metric spaces.
Let suppose that T and S are continuous mappings.
Then by

Ilme —I|my ., and I|mSy —Ilmz

we take:

Ta=f and SpB=y. From them it follows that STa=y.
Taking x=a and x’=x,_; using again the inequality (1) we
obtain:

[1+pdy (%, ) +pdy (Ta,yp ) +pd3 (STa, 2, )]

dy (RSTa,x, ) <p| dy (a,RsTa)dz (STo, 2, ) +

+dy (@,%)d3 (2, 5Ta) + ¢y (a,x,) 8, (v, Ta) +
+dy (v, Ta)dp (o RSTa):I +

+amaxidy (a,x1 ), dq (@ RSTa), dy (xy1.%n ).

dz (Ta, Yn ) ) d3 (STa, Z, )}
Letting n tending in infinity and since Ta=p, STa=y, we
get:

d, (RSTa, ) <gmax{d, (a,RSTax)}
from which it follows di(RSTa)=a , since

Thus, a is a fixed point of RST.
We also have:

0<g<1.

TRSP=TRSTa=Ta=f and STRy=STRSS=SpS=y
Thus, s a fixed point of TRS and y is a fixed point of
STR.

Now let we show the unicity of a. Let assume now that
RST has another fixed point a’ different from a.
Using the inequality (1), we get

dy (o) = d (RSTaRsTa) <

oy (0,) (570, 5T 4 () (5T, T
1+pdy (o) +pdy (T, Ta') + pdy (STa, STar)

dy (0,0)d (T To) 6, (7!, T} () \

1+ pdl (a, a') + pd2 (Ta, Ta') + pd3 (STa, STa')

max {dl (a, a'),dl (u,u) , dl (a',u’),d2 (Ta, Tu‘),d3 (STu, STa')}

1+ pdl (a, a') + pd2 (Ta, Ta') + pd3 (STa, STa')
From which we get:

d,(a,a")< max{d, (a,a'),d,(Ta,Ta'),

9
1+pd, (a,a')
d,(STa,STa')}

and since <q we get:

a9
1+pd, (a,a')
di(a,a') Sqmax{dl(oz,oc'),d2 (Ta,Ta'),d;(STa,STa')| =gmaxA

If maxA=dy(a,a’), then we get d,(a,a')<qd,(a,a'),
from which it follows d;(a,a’)=0.
Thus, dl(a,a')Sqmax{dz(Ta,Ta'),d3(STa,STa')} (7)

In the same way, using the inequality (2) we get:
d,(Ta,Ta')=d,(TRSTa, TRSTa') <
<gmax{d, (a,a'),d,(STa,STa')}
Using (7) and (8) we get
d,(a,a")<qd, (ST, STar'") (9)
Using the inequality (3) for the right side of the
inequality (9) we get:
d,(a,a')<qd,(STa,STa')=qd,(STRSTa, STRSTar') <
<g’max{d,(STa,STa'),d,(a,a"),
d,(Ta, Ta'y=q’d, (a,a)
Since g<1, we get a=a’. Thus, we proved the unicity of
the fixed point a of RST.
In the same way it is proved the unicity of the fixed
point 8 of TRS and the unicity of the fixed point y of
STR.
Let we show that Ry=a.
By the equalities
Ry =R(STRy)=RST(Ry)

(8)
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