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SUMMARY

We prove a  related fixed point theorem for 4 mappings  in 4 metric spaces  using an implici t relation. Thi s  result 

extends, generalizes  and uni fies several of well-known fixed point theorems for contractive -type mappings  on metric 

spaces . Two examples are obtained to illustrate the theorem. One of the conditions of the theorems is the 

continuity of three from four mappings . A counterexample shows that this  condition is  necessary. The extending of 

the well-known results  for one, two and three metric spaces  to four metric spaces  and their generalization has been 

obtained by using the implici t relation. Corollaries  of our theorem are considered. From each form of implicit 

relation is  taken a  respective corollary. In our theorem, the continuity of all mappings  except one is  necessary. The 

investigation of these resul ts  in case of an arbi trary number of m mappings to  m complete metric spaces  is an open 

problem for future consideration.    
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1. INTRODUCTION  

Many authors [1], [2], [4], [9] etc. have proved 

fixed point theorems on metri c spaces for 

mappings satisfying implicit relation. In this 

paper, we will  prove a new fixed point theorem 

for four mappings on four metric spaces, three of 

mappings must be continuous.  

In [6], the following theorem is proved.

 

Theorem 1.1( Jain et al [6] ) Let ),Y(),d,X( r  and ),Z( s  be complete metric spaces. If T  is a 

continuous mapping of X  into Y , S  is a continuous mapping of Y  into Z and R  is a  mapping of Z  into 

X satisfying the inequalities 

 

 
 

for all  Zz,zandYy,y;Xx,x Î¢Î¢Î¢  where 1<c0£ . Then RST  has a unique fixed point u  in X , TRS  has 

a unique fixed point v  in Y  and STR  has a unique fixed point w  in Z . Further, 

uRwandw=Sv,v=Tu = . 

 

2. MAIN RESUL TS 

Firstly, we consider a new class of implicit relations which will  give a more general character to the 

main Theorem 2.6 .  
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Let ),0[R +¥=+ . We denote by 7F  the set of all  functions with 7 variables RR:
7 ®j +  satisfying the 

properties:  

 (a).   j  is upper semi-continuous in each coordinate variable 721 t,...,t,t   

 (b).   If  0)v,v,v,u,v,v,u( 321 £j  or 0)v,v,v,v,u,v,u( 321 £j  or   

          0)v,v,v,v,v,u,u( 321 £j  for all   0v,v,v,v,u 321 ³ , then there exists a real  

           constant 1c0 <£  such that }v,v,v,vmax{cu 321£ . 

Every such function will  be called a 7F -function with constant c. 

 

Example 2.1 The function }t,...,t,tmax{ct)t,...,t,t(
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1721 -=j , where 1c0 <£  and 0p ³ , is 7F -

function with constant c. 

 Proof. (a) is clear since j  is continuous. Suppose that 0v,v,v,v,u 721 ³ and then  
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If },v,v,v,vmax{u
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ucu}v,v,v,v,umax{cu <=£ , a contradiction. Therefore,  

}v,v,v,vmax{cusoand}v,v,v,vmax{cu 3211
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where 1cc
p

1 <= . Similarly, if 0)v,v,v,v,u,v,u( 321 £j  or 0)v,v,v,v,v,u,u( 321 £j , then 

}v,v,v,vmax{cu 3211£ . 

The proof of (b) is completed.  

 

Example 2.2 The function p
1

)ta...tata(t=)t...,,t,t(
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Proof: (a) is clear since j  is continuous. Suppose that 0v,v,v,v,u 321 ³ and then 
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a contradiction, where 1)a...aa(c p
1

732 <+++= . Therefore, 

p
1

}]v,v,v,vmax{)a...a[(u
p
3

p
2

p
1

p
72 ++£ }v,v,v,vmax{c 321= . Similarly, if 0)v,v,v,v,u,v,u( 321 £j  or 

0)v,v,v,v,v,u,u( 321 £j , then }v,v,v,vmax{cu 3211£ . The proof of (b) is completed.  

 

We denote by 66  the set of all  continuous functions with 6 variables RR:f
6 ®+  

satisfying the properties:   

  (a’).   f  is non decreasing in respect with each variable.  

  (b’).   +Î£ Rt,t)t,...,t,t(f
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Every such function will  be called a 66 -function 

  Denote 6}...,{1,2,=I6 .  Some examples of 66 -function are as follows: 

           1. }t...,,t,t{max=)t...,,t,t(f 621621  

  2. 2
1

]}Ij,i:tt{[max=)t...,,t,t(f 6ji621 Î   

  3. 2
1

]}tt,...,tt,tt{[max=)t...,,t,t(f 653221621    

  4. 0p,]}t...,,t,t{[max=)t...,,t,t(f p
1p

6
p
2

p
1621 >    

  5. p
1

)ta...tata(=)t...,,t,t(f
p
66

p
22

p
11621 +++ , where 0p >  and å ££

=

6

1i
ii 1a,a0  

The proof is done for the example 5 :  

 (a’)   It is obvious that the function f is non decreasing in respect with each variable        

 (b’)  We have: =+++=+++= p
1

p
1

]t)a...aa[()ta...tata()t,...,t,t(f
p

621
p

6
p

2
p

1  

+Î£+++= Rt,tt)a...aa( p
1

621 . The proof of (b’) is completed.  

 

The following relationship between 66 -functions and 7F -functions holds:

  

Lemma 2.3  If 6f 6Î  and 1c0 <£ , then the function )t,t...,,t,t(cft=)t...,,t,t( 76321721 -j  is 7F -function 

with constant c 

  Proof.  (a) is clear since j  is continuous. Suppose that 0v,v,v,v,u 321 ³  and then 

0)v,v,v,u,v,v(cfu)v,v,v,u,v,v,u( 321321 £-=j         (*) 

We have  }v,v,v,vmax{u 321£  since in contrary, ( if }v,v,v,vmax{u 321> ), by using the properties of f  

we get: u)u,...,u,u(f)v,v,v,u,v,v(f 321 ££  and by (*) it follows ucuu <£ , a contradiction. Therefore, 

after replacing the coordinates  of the point )v,v,v,u,v,v( 321  by }v,v,v,vmax{ 321  and using the 

properties of f  we get    }v,v,v,vmax{cu 321£ . Similarly, if 0)v,v,v,v,u,v,u( 321 £j  or 

0)v,v,v,v,v,u,u( 321 £j , then }v,v,v,vmax{cu 321£ . The proof of (b) is completed. 

 

The above lemma gives us the possibility to establish other functions of type 7F : 

Example 2.4 2
1

]}tt...,,tt,tt{[maxct=)t...,,t,t( 7643321721 -j , where 1c0 <£ . 

Example 2.5 ( )
6

t...tt
ctt,...,t,t 732

1721

+++
-=j , where  1c0 <£  etc. 

Now, we prove the following theorem for m mappings on m metric spaces using an implicit relation.  

     

Theorem 2.6 Let ),Y(),d,X( r , ),Z( s and ),W( t  be complete metric spaces and 

XW:QandWZ:RZ,Y:S,YX:T ®®®®  be maps, at least three from which are continuous. If the following 

inequalities are satisfied: 
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for all  Ww,wandZz,z;Yy,y;Xx,x Î¢Î¢Î¢Î¢  where 74321 ,,, FÎjjjj , then QRST  has a unique fixed 

point a  in X , TQRS  has a unique fixed point b  in Y, STQR  has a unique fixed point g  in Z  and  RSTQ   

has a unique fixed point d in W. Further, .QandR,=S,=T a=dd=ggbba
Proof. Let Xx0 Î  be an arbitrary point. We define the sequences )z(,)y(),x( nnn and )w( n  in Z,Y,X  

and W  respectively as follows:  

Nn,Rzw,Sy=z,Tx=y,x)QRST(=x nnnn1nn0
n

n Î=-  

We prove that )z(,)y(),x( nnn  and )w( n  ere Cauchy sequences.  

Denote  

Nn),w,w(),z,z(=),y,y(=),x,x(d=d 1nnn1nnn1nnn1nnn Ît=tssrr ++++  

We will  assume that 1nn1nn1nn zz,yy,xx +++ ¹¹¹  and 1nn ww +¹ for all  n, otherwise if 1nn xx +=  for 

some n , then 2n1n2n1n zz,yy ++++ ==  and 2n1n ww ++ =  we can take 1n1n1nn w,z,y,x +++ =d=g=b=a .  

By the inequality (2), for 1ny=y - and ny='y  we get: 

 
 

And from (b), we have }d,,,max{c 1n1n1n1nn ---- tsr£r or

},,,dmax{c 1n1n1n1nn ---- tsr£r                        (5) 

We have denoted by }c,c,c,cmax{c 4321=  where ic is the constant of 7F -function  4,3,2,1i,i =j .         

By (3) for 1nz=z -  and nz='z  we get:  

( ) 0,d,,,,,

)y,y(),x,x(d),w,w(

,)z,z(),z,z(),z,z(,)z,z(

)TQRz,TQRz(),QRz,QRz(d),Rz,Rz(

,)STQRz,z(),STQRz,z(),z,z(,)STQRz,STQRz(

n1n1nn1n1nn3

1nnn1nn1n

1nnn1nn1n1nn
3

n1nn1nn1n

nn1n1nn1nn1n
3

£rtssssj=

=÷÷
ø

ö
çç
è

æ
rt

ssss
j=

=÷÷
ø

ö
çç
è

æ
rt

ssss
j

----

+--

+--+

---

----

 

 

And from (b), we have   },d,,{maxc n1n1n1nn rts£s ---   

By this inequality and by (5) it follows  
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},,,d{maxc 1n1n1n1nn ---- tsr£s                                       (6) 

By (4) for 1nw=w -  and nw='w  we get:  

( ) 0,,d,,,,

)z,z(),y,y(),x,x(d

),w,w(),w,w(),w,w(),w,w(
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),RSTQw,w(),RSTQw,w(),w,w(),RSTQw,RSTQw(
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And from (b), we have   },,d,max{c nn1n1nn srt£t --  

By this inequality and by (5) and (6) it follows  

},,,d{maxc 1n1n1n1nn ---- tsr£t                                     (7)  

In similar way, by (1) for 1nx=x -  and nx='x  we get: 

},,,d{maxcd 1n1n1n1nn ---- tsr£                                     (8) 

By the inequalities (5), (6), (7) and (8), using the mathematical induction, we get:  

   
where })w,w(,)z,z(),y,y(),x,x(d{maxl 21212121 tsr=  

Thus the sequences )y(),x( nn , )z( n and )w( n  are Cauchy sequences. Since the metric spaces 

),Z(,),Y(),d,X( sr  and ),w( t  are complete metric spaces we have:  

 W=wlim,Z=zlim,Y=ylim,X=xlim n
n

n
n

n
n

n
n

ÎdÎgÎbÎa
¥®¥®¥®¥®

.  

 Now suppose that T, S, R are continuous mappings, we have:  

.=Rwlim=Rzlim

.=Szlim=Sylim

.=Tylim=Txlim

n
n

n
n

n
n

n
n

n
n

n
n

dgÞ

gbÞ

baÞ

¥®¥®

¥®¥®

¥®¥®

                                       (9) 

Later we wil l  show that a=dQ .

To prove that a  is a fixed point of QRST .  

Using the inequality (1), for a=x  and 1nx'x -= , we obtain: 

 
Letting n tend to infinity and using (a) and the continuality of  T, S, R we have  

( ) 00,0,0,),0QRST,(d,0,),QRST(d

)RST,RST(,)ST,ST(),T,T(

,),(d),QRST,(d),,(d,),QRST(d

1

1

£aaaaj=
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ø

ö
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è

æ
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aaaaaaaa
j

 

and from (b), we have: 0}0,0,0,0max{c),QRST(d =£aa  

Thus 0),QRST(d =aa  and so a  is a fixed point of QRST   

We now have 
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b=a=a=b T)QRST(TTQRS   

g=b=b=g S)TQRS(SSTQR   

d=g=g=d R)STQR(RRSTQ     

Hence dgb ,,  are fixed points of TQRS , STQR,RSTQ  respectively 

We now prove the uniqueness of the fixed point a .   

Suppose that QRST  has a second fixed point a¹a' . Using the inequality (1) for ''xandx a=a=  we 

have: 

( ) 0)'RST,RST(,)'ST,ST(),'T,T(,),0,0',(d,)',(d

)'RST,RST(,)'ST,ST(),'T,T(

,)'QRST,'(d),QRST,(d),',(d,)'QRST,QRST(d

1

1

£aataasaaraaaaj=

=÷÷
ø

ö
çç
è

æ
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j

 

And from (b), we have: 

)}'RST,RST(,)'ST,ST(),'T,T(max{c)',(d aataasaar£aa               (10) 

In similar way, applying the inequality (2) for 'T'yandTy a=a= , by the property (b) of 2j  and taking in 

consideration (10) we obtain: 

( ) ( ) ( ){ }'RST,RST,'ST,STmaxc'T,T aataas£aar                     (11) 

Similarly, applying the inequality (3) for  a= STz  and 'ST'z a= , we have 

( ) ( )'RST,RSTc'ST,ST aat£aas                                                                     (12) 

Applying the inequality (4), for a=RSTw  , 'RST'w a=  and using the property (b) of 4j and these 

inequalities )12(),11(),10( , we now have  

( ) ( )'RST,RSTc'RST,RST aat£aat                           

and so   

( ) 0'RST,RST =aat                                                                                                                        (13)              

Returning back and using )11(),12(),13(  we get: ( ) 0',d =aa    

And so, 'a=a , then the uniqueness of a is proved. In the same way it can be proved the uniqueness of 

dgb and, .                                                    

We finally prove that also we have a=dQ . To do this, note that  

)Q(QRST)RSTQ(QQ d=d=d  

and so, dQ  is a fixed point of  QRST . Since a  is the unique fixed point, it follows that a=dQ . This 

completes the proof of the theorem.

3. Corollaries  

            The next corollary follows from theorem 2.6 in the case 

)t,t,t,t,t,t(fct=)t,t,t,t,t,t,t( 765432ii17654321i -j , where 6if 6Î  for i=1,2,3,4. 

      

Corollary 3.1 Let ),Y(),d,X( r , ),Z( s and ),W( t  be complete metric spaces and 

XW:QandWZ:RZ,Y:S,YX:T ®®®®  be maps, at least three from which are continuous. If the following 

inequalities are satisfied: 



Gjoni & Kikina 

 

AKTET Vol. IV, Nr 3, 2011 541  

 

 

for all  Ww,wandZz,z;Yy,y;Xx,x Î¢Î¢Î¢Î¢  where 64321 f,f,f,f 6Î , then QRST  has a unique fixed point 

a  in X , TQRS  has a unique fixed point b  in Y, STQR has a unique fixed point g  in Z  and  RSTQ   has a 

unique fixed point d in W. Further, .QandR,=S,=T a=dd=ggbba
 

       The next corollary follows from theorem 2.6 in the case  

}t,t,t,t,t,tmax{ct=)t,t,t,t,t,t,t( 765432i17654321i -f , for i=1,2,3,4. 

 

Corollary 3.2 Let ),Y(),d,X( r , ),Z( s and ),W( t  be complete metric spaces and 

XW:QandWZ:RZ,Y:S,YX:T ®®®®  be maps, at least three from which are continuous. If the following 

inequalities are satisfied: 

 

 

for all  Ww,wandZz,z;Yy,y;Xx,x Î¢Î¢Î¢Î¢  where 64321 f,f,f,f 6Î , then QRST  has a unique fixed point 

a  in X , TQRS  has a unique fixed point b  in Y, STQR has a unique fixed point g  in Z  and  RSTQ   has a 

unique fixed point d in W. Further, .QandR,=S,=T a=dd=ggbba
 

    Corollary 3.3 From the corollary 3.2 we obtain the theorem 1.1 ( Jain et al [6] ). 

Proof. The proof follows by Corollary 3.2 in the case d=,X=W t , xw= , 'x'w =  and the mapping Q  as 

the identity mapping in X .  

     Corollary 3.4 From the corollary 3.3 we obtain the Fisher theorem [3]:

Let ),Y(and)d,X( r  are complete metric spaces and XY:S  , YX:T ®®  be two maps, at least one of 

them being continuous. If for some )1,0[cÎ  the following inequalities are satisfied: 

                  ( ) ( ) ( ) ( ) ( )}'Tx,Tx,'STx,'xd,STx,xd,'x,xdmax{c'STx,STxd r£      

                  ( ) ( ) ( ) ( ) ( )}'Sy,Syd,'TSy,'y,TSy,y,'y,ymax{c'TSy,TSy rrr£r      
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 for all  Y'y,y  ;X'x,x ÎÎ , then ST has a unique fixed point   XÎa  and  TS has a unique fixed point  YÎb . 

Moreover,  b=aT  and. a=bS  

Proof. The proof follows by Corollary 3.3 (Theorem 1.1) in the case d=,X=Z s , xz = , 'x'z =  and the 

mapping R  as the identity mapping in X . 

       Corollary 3.5  From the corollary 3.4 we obtain the Rhoades theorem [11]:  

Let )d,X(  be a complete metric space and XX:T ®  a self map of X. If for some )1,0[cÎ  we have 

                                 )}'Tx,'x(d),Tx,x(d),'x,x(dmax{c)'Tx,Tx(d £  

for all  X'x,x Î , then T  has a unique fixed point a  in X. 

Proof. The proof follows by Corollary 3.4 in the case d=,X=Y r , xy = , 'x'y =  and the mapping S  as the 

identity mapping in X . 

 

Remark: The theorems of  Banach, Kannan, Bianchini, Reich follow from Corollary 3.5. For example, the 

proof of the Kannan theorem [7] follows from the fact that: 

2

)'Tx,'x(d)Tx,x(d
)}'Tx,'x(d),Tx,x(d),'x,x(dmax{

+
³ , etc. 
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