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SUMMARY

We prowe a related fixed point theorem for 4 mappings in 4 metric spaces using an implidt relation. This result
extends, generalizes and unifies several of well-known fixed point theorems for contra ctive -type mappings on metric
spaces. Two examples are obtained to illustrate the theorem. One of the conditions of the theorems is the
continuity of three from four mappings. A counterexample shows that this condition is necessary. The extending of
the well-known results for one, two and three metricspaces to four metricspaces and their generalization has been
obtained by using the implicit relation. Corollaries of our theorem are considered. From each form of implidt
relation is taken a respective corollary. In our theorem, the continuity of all mappings exceptone is necessary. The
investigation of these results in case of an arbitrary numberof m mappings to m complete metric spaces isan open
problem for future consideration.
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1. INTRODUCTION paper, we will prove a new fixed point theorem
Many authors [1], [2], [4], [9] etc. have proved for four mappings on four metric spaces, three of
fixed point theorems on metric spaces for mappings must be continuous.

mappings satisfying implicit relation. In this In [6], the following theorem is proved.

Theorem 1.1( Jain et al [6] ) Let (X,d),(Y,p) and (Z,c) be complete metric spaces. If T is a
continuous mapping of X into Y, S is a continuous mapping of Y into Z and R is a mapping of Z into
X satisfying the inequalities

d(B5Tx, B5TxN £ cwmasc{d{x,x",d{x, BSTx), dfx, BETw o To, T, {5 Ta, 3Tx 1}
ATRSx TRSY) £ cmax{p(y ), p(y TRS3), ply, TRSY ) (Sy, 557, d(R3y, R3¢}
Fi3TRzSTRzY £ cmax{oiz,z),o(z 5TRz), oz, 5TRz ), d(Fz, B2'), ol TRz, TRZ") }

forall x,x"eX;y,y'eYandz,z €Z where 0<c<1.Then RST hasa unique fixed point u in X, TRS has

a unique fixed point v in Y and STR has a unique fixed point w in Z . Further,
Tu=v,Sv=wand Rw =u.

2. MAIN RESULTS
Firstly, we consider a new class of implicit relations which will give a more general character to the

main Theorem 2.6.
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LetR, =[0,+). We denote by @, thesetof all functions with 7 variables (p:RZr —R satisfying the

properties:
(a). o is uppersemi-continuous in each coordinate variable tq,t,,...t;

(b). If ou,v,v,u,vq,v,5,v3)<0 or ou,v,u,v,vq,v,,v3)<0 or
¢(u,u,v,v,vq,v,,v3)<0 forall u,v,vq,v,,v3 >0, then there exists a real
constant 0<c<1 such thatu<cmax{v,vq,v;,,v3}.

Every such function will be called a @ -function with constant c.

Example 2.1 The function @(ty,t,,...t;) =t] —cmax{t5,t5,...t}, where 0<c<1 andp=>0,is ;-

function with constant c.
Proof. (a) is clearsince ¢ is continuous. Suppose that u,v,v;,v;,v; >0 and then

o(u,v,v,u,vq,v,,v7) =uP —cmax{v® ,vP ,uP Vi VB v} =

p P

=uP —cmax{u®,v vl,vz,v3}<0

If u® =max{vP,v],v5,vB}, then uP <cmax{u®,vP v, v5,vB}=cuP <uP, a contradiction. Therefore,
uP <cmax{vP,v§,vh,vB} andso u<c; max{v,vq,v,,v3}
where ¢4 =Rlc <1.Similarly,if ¢(u,v,u,v,v{,v5,v3)<0 or ¢u,u,v,v,vq,v5,v3)<0, then

u<cymax{v,vq,v,,vs}.

The proof of (b) is completed.

Example 2.2 The function @(ty,t;,...t7) = t; —(a,t5 +azt5+.. +a7tp)% , Where p>0

7 7

and0<a;, >a; <1, i=23,...7,is ®5-function with constant c= }3;
i=2 i=2

Proof: (a) is clear since ¢ is continuous. Suppose that u,v,v{,v,,v3 >0and then

1,
OU,v,V,u,vq,V5,V3) =u—(avP +azvP +a,uP +agvh +agvh +a7v§)4 <0
If u® >max{v®,v{,v5,v8}, then

p p

u<(avP +azvP+asuP +agvh +agvh +a7v§)% < (a,uP +a3uP +asuP +astP +agu® +a,uP) =
CEPA b
=[(a; +a3+ay +ag +ag +a;)u"]’* =(a, +az +...+ay)Pu=cu<u,
a contradiction, where c=(a, +a3 +...+a7)% <1.Therefore,
usf(a, +.. +a7)max{vp vl,vz, }]7 =cmax{v,vq,V,,v3}. Similarly, if ¢(u,v,u,v,v{,v,,v3)<0 or

o(u,u,v,v,v{,v,,v3)<0, then u<cy max{v,vl,vz,va} . The proof of (b) is completed.

We denote by * g thesetof all continuous functions with 6 variables f:Ri —>R

satisfying the properties:
(a’). f is non decreasingin respect with each variable.
(b’). f(t,t,...t)<t teR,
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Every such function will be called a - g -function
Denote Ig ={1,2,...6}. Some examples of + ¢ -function are as follows:
1. f(tl,tz,...,ts) = max{tl,tz ""’t6}
.. 1
2. f(tl,tz ,...,t6) = [maX{titj e |6 }]A
3. f(tl,tz yoe 'lt6) = [max{tltz ,t2t3,. ..,t5t6}]}é
4, f(tl,tz,...,ts)=[max{tp,t§,...,t2}]% ,p>0
P 6
5. f(ty,ty,...tg) = (art] +a,t5+...+agth)?, where p>0 and 0<a;, Ya; <1
i=1
The proof is done for the example 5 :
(a’) Itis obvious thatthe function fis non decreasinginrespect with each variable

(b)) We have: f(t,t,...1) = (a,t° +a,t° +...+agtP)® =[(a; +a, +...+ag/tP}? =

=(a; +a, +...+a6)%t£t, teR, . The proof of (b’) is completed.
The following relationship between - ¢ -functions and ®- -functions holds:

Lemma 23 [ffe* g and 0<c<1, then the function ¢lt;,t;,..t7)=t; —cf(ty,t3,..t5,t;) is D5 -function
with constant ¢
Proof. (a)is clearsince ¢ iscontinuous. Suppose that u,v,v{,v,,v3 =20 and then

®(u,v,v,u,v{,v,,v3)=u—cf(v,v,u,vy,v,,v3) <0 (*)
We have u<max{v,vq,v,,v3} sincein contrary, (if u>max{v,vq{,v,,v3}), by using the properties of f
we get: f(v,v,u,vq,v;,v3)<f(uu,...u)<u and by (*) it follows u<cu<u, a contradiction. Therefore,

after replacing the coordinates of the point (v,v,u,v{,v,,v3) by max{v,v;,v,,v3} and using the
properties of f we get u<cmax{v,vq,v,,vs}. Similarly, if ¢(u,v,u,v,vq,v;,v3)<0 or

o(u,u,v,v,v{,v;,,v3) <0, then u<cmax{v,v,,v,,v3}.The proof of (b) is completed.

The above lemma gives us the possibility to establish other functions of type @5 :

Example 2.4 o(tq,ty,...t7) =1 —c[max{t2t3,t3t4,...,t6t7}]% ,where 0<c<1.

ty+ty+..4+ty

Example 2.5 (p(tl,tz,...I7):t1—c ,Where 0<c<1 etc.

Now, we prove the following theorem for m mappings on m metric spaces usinganimplicit relation.

Theorem 2.6 Let (X,d),(Y,p), (Z,c) and (W,7) be complete metric spaces and
T:X—>Y,S:Y>ZR:Z>WandQ:W—X be maps, at least three from which are continuous. If the following

inequalities are satisfied:
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all QRSTy, QRETY", dix, v, dx, QRSTY), 402", QO RSTx ", <0
YA Ty, Tt o 5T, 5Tx 5, o RETx, R5Tx N B @
%{P(TQRS.'F LTERF . o, 30, A TERY), o, TORFD) @
(S, F 0, R, R0, d( R, CRY -
o[ ST0Re, STOR: N, oz, 20, olz, STORD), o=z, STORER, <0 )
# | e e, e, d(QRe, ORe', (T Rz, TORS' B
{f[:RSTQwRSTQw'j L T, Wy, v, RET 0w, wilw!, RS'TQWng e
d(igw, (w'), aT(w, Tw'), a(ST 0w, STOW)

forall x,x"eX;y,y' €Y;z,z2’ €Zand w,w’ e W where ¢;,9,,03,0, P, then QRST has a unique fixed
point o inX, TQRS has a unique fixed point B inY, STQR has a unique fixed point y inZ and RSTQ
has a unique fixed point &in W. Further, Ta.=[3,SB=v,Ry=3and Qd =o.

Proof. Let x5 €X be an arbitrary point. We define the sequences (x,),(y,),(z,)and(w,) in X,Y,Z
and W respectively as follows:

Xn =(QRST)"Xq,Yn = TXn_1,2Zn = SYn,Wp =Rz,,,n€N
We prove that (x,),(y,).(z,) and (w,) ere Cauchy sequences.
Denote
dn =d(X,Xn41),Pn = P(Yn,Yne1),On = 0(2n,2041), Ty = TW, , Wi q),nEN
We will assume that X, #Xp41, Yn # Yni1s Zn #Zn and wy, # w4 for all n, otherwise if x,, =x,,,; for
somen,then y,.1 =Yn12,2041 =Zpns2 and w4 =W, wecantake oo =X,,B=Yni1,Y =Zn11,9=Wpy1 -
By theinequality (2), for y=y,_4 and y'=y, weget:
[P(.T QRS p-1. TORSY ), PC¥nc1 P PPt TORSY 1), p(srn,TQRS:arn)]
O3y -2 e TURET g, By ), dQESy 4, QFSy )
) [p( Far Frs1)s P10 P PPt Fade P arml),J _
: Gczn—k znl T[;Wn—b an’ d(x n-l= xnj

=Qa |:I:'n= P10 -1 Frs O n-1s Tr-1s dn—l) =0

And from (b), we have p,, < cmax{py_1,0n-1,Tn-1,9n-1} OF
Pn < cmax{d, 1,Pn-1,9n-1,Tn-1} (5)
We have denoted by c=max{cq,c;,c3,c4} where c;is the constant of @5 -function ¢;,i=1,2,3,4.
By (3) for z=z,_ 4 and z'=z, weget:
o(STQRz,_1,STQRz,),6(z,_1,2p),6(zn-1,5TQRz, 4),0(z,,STQRz,), |
3[T(Rzn1 ,Rz,,),d(QRz,,_1,QRz,,),p(TQRz,, 4, TQRz,) J -
_ (G(Zn lZn+1)rG(anlan)rG(znfern)rG(zn an+1)lj _
=03 =
UWn-1,Wn),d(Xn-1,%0), (Y1, Y1)

= (P3(Gnlcnfll6n—1'0nlTnflrdn—llpn)S 0

And from (b), we have o, <cmax{G,_1,T,-1,9-1,Pn}
By this inequality and by (5) it follows
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S, <cmax{d,_1,Pn-1,0n-1,Tn-1} (6)
By (4) for w=w,_4 and w'=w,, we get:
TRSTQW,,_1,RSTQW, ), T(Wy,_1, Wy, ), T(W, 1, RSTQW,, 1), (W, ,RSTQW,,), )
4l dQw,_1,Qw,),p(TQw,_;,TQw,),c(STQw,_;,STQwW,) N
T(Wnan+1)lT(Wn—1an)IT(Wn—lan):T(Wnan+1): _
4 =
d(Xp—1,%Xn),P(Yn,Yns1),0(20,2n41)
=Py (TnI'Cn—lI'Cn—lI'Cnldn—lfpnlcn)S 0
And from (b), we have 1, <cmax{t,_1,dn_1,Pn,On}
By this inequality and by (5) and (6) it follows
T <cmax{dy_1,Pn-1,0n-1,Tn-1} (7)
In similar way, by (1) for x=x,,_4 and x'=x, we get:
d, <cmax{d,_1,Pn-1,%n1,Th-1} (8)
By the inequalities (5), (6), (7) and (8), using the mathematical induction, we get:

-1 -1
dix, o, = e max{d(xl,xjj,p(j.rl,j.rj:],uj(zl,zgj,t(wl,wjj}=n:n1

(T Frt) S O max{lln g, x ), p(3, 740, 023,350, 70w, w )} = 71
O[Ty, Ty & man {dix b X YL T O(Z ), 20, Tw , W) = |
(W W) S €7 e {01, 5), PO, 20, 020,220, W 1, W)k = 7
where 1=max{d(x1,%5),p(Y1,Y>),0(z1,25), (w1, W)}
Thus the sequences (x,),(y,),(z,)and (w,) are Cauchy sequences. Since the metric spaces

(X,d),(Y,p),(Z,0) and (w,T) are complete metric spaces we have:

lim x,=aeX, limy,=Be€Y, limz,=yeZ limw,=0eW.
Nn—o0 n—o0 n—00 n—o0
Now suppose thatT, S, R are continuous mappings, we have:
lim Tx, = lim ' ¥ = Ta=p.

1t

1t

n—o0 n—»

lim Sy, = I|m z,=>SB=1. (9)
n—oo n—»

lim Rz, = I|m w, =Ry =34.

n—o0 n—o0

Later we will show that Qd=a..
To prove that a is a fixed point of QRST.

Using the inequality (1), for x=a and x'=x,,_; , we obtain:
AOEST oy 0, e, =, g0, e, ORST e, dlxy, 4,x,0
[p(Tc-:,, Tag o8 T, 3Ty 10, o BET e, BET2 0 ] -
Letting n tend to infinity and using (a) and the continuality of T, S, R we have
d(QRSTa, o), d(at, o), d(o, QRS Tar), d(ox, o),
(pl[p(Toc,Ta),c(SToc,STOL),T(RSTOL,RSTOL) j:
= ¢, (d(QRSTa,),0,d(, QRS Ta),0,0,0,0) < 0
and from (b), we have: d(QRSTa, o) <cmax{0,0,0,0}=0
Thus d(QRSTo, o) =0 andso o isa fixed point of QRST
We now have
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TQRSB=T(QRSTa) =Ta =3
STQRy =S(TQRSP) =SB =7y
RSTQS =R(STQRy) =Ry =8
Hence B,y,0 arefixed points of TQRS, STQR,RSTQ respectively
We now prove the uniqueness of the fixed point a. .
Suppose that QRST has a second fixed pointo'# o . Using the inequality (1) for x=oc andx'=a' we

have:
d(QRSTa,QRSTa'),d(at, '), d(or, QRS Tar), d(a', QRS Ta'), B
P1| o(Tar, To'), 6(STat, STor'), t(RS T, RS Tor) -
=0 (d(oc, a'),d(o,a'),0,0,p(Ta, Ta'), (ST, STa'), T(RS T, RSTor! )) <0

And from (b), we have:
d(o, ') <cmax{p(To, Ta'),o(STa, STa'), T(RSTar,RSTar')} (10)

In similar way, applying the inequality (2) fory=Ta and y'=Ta', by the property (b) of ¢, and takingin

consideration (10) we obtain:

p(Ta, Tar') < cmax{o(STa, STa'), o(RSTo, RS Tar' )} (11)
Similarly, applying the inequality (3) for z=STa andz'=STa', we have
o(STa, STa') < ct(RSTo, RST') (12)

Applying the inequality (4), for w=RSTa. , w'=RSTa' and using the property (b) of ¢, and these
inequalities (10),(11),(12), we now have
©(RSTaL,RSTa') < ct(RSTar,RSTl')
and so
©(RSTo,RSTa') =0 (13)
Returning back and using (13),(12),(11) we get: d(oc,oc')=0
And so, aa=a', then the uniqueness of a is proved. In the same way it can be proved the uniqueness of
B,yand$d.
We finally prove that also we have Q6 =a .. To do this, note that

Q35 =Q(RSTQY) =QRST(QY)
and so, Q9 is a fixed point of QRST. Since a is the unique fixed point, it follows that Qd = a. . This
completes the proof of the theorem.

3. Corollaries
The next corollary follows from theorem 2.6 in the case
(pi(tllt21t3lt4lt51t61t7)=tl _cifi(t21t31t41t51t61t7)1 Where fl e 6 for i=1,2,3,4.

Corollary 3.1 Let(X,d),(Y,p), (Z,c)and  (W,T) be complete metric spaces and
T:X>Y,S:Y>ZR:Z>WandQ:W—X be maps, at least three from which are continuous. If the following

inequalities are satisfied:
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dl QRSTy, QRSTx 2 fi1d40x, v, d0x, QRS di x', QRS ",

ATE Txh, o 5Tx, 5Tx N, of BT, RETx N}
ATORS. TORS ) < Sl a3,y oy TORSY), oy . TORF ).

o (8, F 7, v(RI, Ry, d(QRy, QR
a(STOR:, STOR" £ flio(z 20 oz, STOR, o (2", STOR",

v(Re, Re), d((Rz, JRe’), /(T Re, TRz}
T RETOw, RETOw Y = F {o0w, wh, olw, RAT oW, tlw', RET 0w,

A(Qw, Ow), o(T 0w, TOw?), o (ST Qw, STEw ) }

for all x,x"eX;y,y' €Y;z,z’eZandw,w' e W where f,,f, f;,f; €+ ¢, then QRST has a unique fixed point
o inX, TQRS has a unique fixed point B inY, STQR has a unique fixed point y in Z and RSTQ has a
unique fixed point §in W. Further, Tao.=[3,SB=7v,Ry=8and Q3 =a.

The next corollary follows from theorem 2.6 in the case
O;(tq,ty,t3,t4,t5,t6,t7) =ty —cymax{t,, t3,t,,t5,t6,t7}, fori=1,2,3,4.

Corollary 3.2  Let(X,d),(Y,p),(Z,c)and  (W,7) be complete metric spaces and
T:X—Y,S:Y>ZR:Z>WandQ:W—X be maps, at least three from which are continuous. If the following

inequalities are satisfied:

dl ORSTr, GRSTY 2 o moa {d(x, x"), A0 x, QRSTx, di x', QRST,

AT Txh, o &Tx, STx ", o[ RATx, RETx ) 1n
ATERI, TQRY) € og max{a(y, p7), Ay, TQRI), o(p, TRRY),

o (&, G, (R, Ry, 4( QRy, ORIy} (47
o(STORz, STORY £ oymax {o (2,20, oz, STOR), oz, ST RN,

T(Rz, Rz’), d( Rz, QRz’), o(TQRe, TORZ)} &y

T(RATOw, RATOwN £ o moax] vw, wh, t0w, RITOW), o w', RST 0w,
d(Cw, Qw), o TEw, TOW), (ST Ow, STOw ) (43

forall x,x"eX;y,y" €Y;z,2’€Zand w,w' e W where f;,f,,f;,f; €* 5, then QRST has a unique fixed point
o inX, TQRS hasa unique fixed point B inY, STQR has a unique fixed point y in Z and RSTQ hasa
unique fixed point &in W. Further, Taa=[3,SB=7v,Ry=8and Q5 =a.

Corollary 3.3 Fromthe corollary 3.2 we obtain the theorem 1.1 (Jain et al [6] ).
Proof. The proof follows by Corollary 3.2 in the case W=X,1=d, w=x,w'=x" and the mapping Q as
the identity mappinginX.

Corollary 3.4 From the corollary 3.3 we obtain the Fisher theorem [3]:
Let (X,d) and (Y,p) are complete metric spacesand T:X—Y, S:Y—>X be two maps, at least one of

them being continuous. If forsome c<[0,1) the following inequalities are satisfied:
d(STx,STx') < cmax{d(x,x"),d(x,STx),d(x',STx'), p(Tx, Tx')}

p(TSy, TSy') <cmax{p(y,y'),p(y, TSy),p(y', TSY),d(Sy, Sy )}
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for all x,x'eX;yy'eY, then ST has a unique fixed point aex and TS has a unique fixed point Bey.

Moreover, To=p and. SB=a

Proof. The proof follows by Corollary 3.3 (Theorem 1.1) in thecase Z=X,c=d, z=x,z'=x" and the

mapping R as theidentity mappinginX.

Corollary 3.5 From the corollary 3.4 we obtain the Rhoades theorem [11]:
Let (X,d) be a complete metricspaceand T:X—X a self map of X. If forsome c<[0,1) we have
d(Tx, Tx') < cmax{d(x,x'),d(x, Tx),d(x', Tx")}

for all x,x'e X, then T has a unique fixed point o in X.

Proof. The proof follows by Corollary 3.4in the case Y=X,p=d,y=x,y'=x" and the mapping S as the

identity mappinginX.

Remark: The theorems of Banach, Kannan, Bianchini, Reich follow from Corollary 3.5. For example, the
proof of the Kannan theorem [7] follows from the fact that:

max{d(x,x"),d(x, Tx),d(x', Tx')} > 5
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