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SUMMARY

This paper deals with a dass of algebraic hypersystems which represent a generalization of semigroups and
hypersemigroups. This dass of hypersystems is called temarysemihypergroups. The notion of regularity of different
type of algebraic systems has been introduced, studied and characterized by different authors such as Neumann,
Iseki, Kovacs, Lajos etc. Different authors have studied the notion of regularity in ternary algebraicsystems. In this
paper we generalize this notion in ternary semihypergroups and we study some interesting properties of regular
temary semihypergroups, completely regular ternary semihypergroups, intra -regular ternary semihypergroups and
characterize them by using various hyperideals of ternary semihypergroups.
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1. INTRODUCTION AND PRELIMINARIES

Ternary algebraic operations were considered in
the 19th century by several mathematicians such
as Cayley [1] who introduced the notion of "cubic
matrix" which in turn was generalized by
Kapranov, et al. in 1990 [5]. Ternary structures
and their generalization, the so-called n-ary
structures, raise certain hopes in view of their
possible applications in physics and other
sciences. The notion of an n-ary group was
introduced in 1928 by W. D ornte [2] (under
inspiration of Emmy Noether). The idea of
investigations of n-ary algebras, i.e., sets with
one n-ary operation, seems to be going back to
Kasner's lecture [4] in 1904. Different
applications of ternary structures in physics are
described by R. Kerner in [6]. The theory of
ternary algebraic system was introduced by D. H.
Lehmer [8] in 1932. The notion of ternary
semigroups was introduced by S. Banach (cf.
[10]).

Hyperstructure theory was introduced in 1934,
when F. Marty [11] defined hypergroups based
on the notion of hyperoperation, began to
analyze their properties and applied them to

groups. In the following decades and nowadays, a
number of different hyperstructures are widely
studied from the theoretical point of view and for
their applications to many subjects of pure and
applied mathematics by many mathematicians. In
a classical algebraic structure, the composition of
two elements is an element, while in an algebraic
hyperstructure, the composition of two elements
is aset.

The notion of regularity was introduced and
studied by J. von Neumann [12] in 1936. The
notion of regularity of different type of algebraic
systems has been characterized by different
authors such as Iseki, Kovacs, Lajos [3,7,9] etc.
Different authors have studied the notion of
regularity in ternary algebraic systems. In this
paper we generalize the notion of regularity in
ternary semihypergroups and we study some
interesting properties of regular, completely
regular and intra-regular ternary
semihypergroups and characterize them by using
various hyperideals of ternary semihypergroups.
Recall first the basic terms and definitions from
the ternary semihypergroups theory.
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Definition 1.1 A map f:HxHxH—)@*(H) is called ternary hyperoperation on the set H, where H isa

nonempty set and @*(H) =@(H)\ {J} denotes the set of all nonempty subsets of H.

Definition 1.2 A ternary hypergroupoid is called the pair (H,f) where f is a ternary hyperoperation on
theset H.

If A,B,C are nonempty subsets of H, then we define

f(AB,C)= U flabc).
aeA,beB,ceC
Definition 1.3 A ternary hypergroupoid (H,f) is called a ternary semihypergroup if Va,,a,,...a5 €H, we

have f(f(a;,a;,a3),a4,a5) =f(ay,f(ay,a3,a4),a5) =f(a;,a,,f(a3,a4,a5)) -

Definition 1.4 Let (H,f) be a ternary semihypergroup. Then H is called a ternary hypergroupif
Va,b,ceH, 3x,y,zeH such that cef(x,a,b)f(a,y,b) " f(a,b,z).

Definition 1.5 Let (H,f) be a ternary hypergroupoid. Then (Hf) is commutativeif Va;,a,,a3 €H and

Vo eS3,f(a;,a;,a3) =flag),ase),as3)

Definition 1.6 Let (H,f) be a ternary semihypergroup and T a nonempty subsetof H.Then T is called a
ternary subsemihypergroup of H if and onlyif f(T,T,T)cT.

Definition 1.7 A nonempty subset | of a ternary semihypergroup H is called a left (right, lateral)
hyperideal of H if f(H,H,I) < I(f(I,H,H) < I, f(H,LH) <) .

A nonemtpy subset | of a ternary semihypergroup H is called a hyperideal of H ifitis aleft, right
and lateral hyperideal of H. A nonemtpy subset | of a ternary semihypergroup H is called two-sided
hyperideal of H if itis a left and right hyperideal of H. Alateral hyperideal | of a ternary semihyperideal
H is called a proper lateral hyperideal of H if |#H.

Definition 1.8 A left hyperideal | of a ternary semihypergroup H is called idempotentif f(ll)=1I.

Example 1.9 Let H={a,b,c,d,e,g} and f(x,y,z)=(x*y)*z, Vx,y,zeH, where * is defined by the

table:
* | a b c d e g
a|la {ab} c {cd} e {e,g}
b | b b d d g g
c|c {c,d c {c,d} c A{c,d}
d|d d d d d d
e|e {egl c {cd} e {eg}
gl8 g d d g g

Then (H,f) is a ternary semihypergroup. Clearly, I; ={c,d}, I, ={c,d,e,g} and H are lateral
hyperideals of H.

Example 1.10 Let H={a,b,c,d,e,g} and f(x,y,z)=(x*y)*z, Vx,y,zeH, where * is defined by the
table:

* a b c d e g

{b,c} {b,c} {b,c} {b,c} {b,c} {b,c}
{a,c} {a,c} {a,c} {a,c} {a,c} {a,c}
{a,b} {a,b} {a,b} {a,b} {a,b} {a,b}
H-d H-d H-d H—-d H—-d H-d
H-e H-e H—e H—e H—-—e H-e
H-g H-g H-g H—-g H—-g H-g

m ® Q 0o T o

Then (H,f) is a ternary semihypergroup. There is no proper lateral hyperideal of H.
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Example 1.11 Let |H[>4 and f:HxHxH—)@*(H), defined as follows:
f(xg,Xg,Xg) = H—{xg,xq}
f(x,y,2) = H—{xg,x2},Y(x,y,2) # (Xq,Xq,Xg)
and xq #Xq #Xy #Xq- (H,f) is a ternary semihypergroup. It can beseen that H—{xy} and H—{xg,x,}
are proper lateral hyperideals of H.
Example 1.12 Let H={a,b,c} be a set with a ternary hyperoperation f defined as follows:
x for x=y=z2,
b for xzy=#z,
f(x,y,2)=
z for x=y,x#z,x#b,
{a,c} for x=y=b,z#b.
It is easy to see that (H,f) is a ternary semihypergroup, and further itis a commutative ternary
hypergroup.
It is clear that due to associative law in ternary semihypergroupH, Vxq,X3,...X5,.1 €H and

m,nezt with m<n, one may write
fx1,X2, Xan1) = FXq,e X Xme1 Xmi2s00- Xons1) =
= flxg, - O Xm o Xmi1 Xme2) Xme3 Xmea ) Xonia)-
Let (H,f) be a ternary semihypergroup. Itis clear that the intersection of all lateral hyperideals of a
ternary subsemihypergroup T of H containing a nonempty subset A of T is the lateral hyperideal of H
generated by A.

For every elementacH, the left, right, lateral, two-sided and hyperideal generated by a are
respectively given by

(a), = fabuf(H,H,a)

(@), = {ayuf(a,H,H)

(@, = faluf(H,a,HUf(H,H,a,H,H)

<a>t = {a}Uf(H,H,a)uf(a,H,H)Uf(H,H,a,H,H)

(a) = {a}uf(H,H,a)Uf(a,H,H)Uf(H,a,H)Uf(H,H,a,H,H)

Definition 1.13 Let (H,f) be a ternary semihypergroup. A proper hyperideal P of H is called prime
hyperideal of H if f(A,B,C) <P implies AcP or BCP or CcP for any three hyperideals A,B,C of H.
Definition 1.14 Let (H,f) be a ternary semihypergroup. A proper hyperideal P of H is said to be strongly
irreducible, if for hyperideals T and K of H, TMK<P implies that TP or KcP

Definition 1.15 A proper hyperideal A of a ternary semihypergroup H is called a semiprime hyperideal
of H if f(l,I,) A implies IC A for any hyperideal | of H.

Definition 1.16 A proper hyperideal A of a ternary semihypergroup H is called completely semiprime
hyperideal of H if f(x,x,x) = A implies that x€A,Vx €A

Definition 1.17 A subsemihypergroup B of a ternary semihypergroup H is called a bi-hyperideal of H if
f(B,H,B,H,B) =B 2.

2. REGULAR TERNARY SEMIHYPERGRO UPS

Definition 2.1 A ternary semihypergroup H is said to be regularif VaeH, 3x €H such that aef(a,x,a).
Aternary semihypergroup H is called regularif all ofits elements are regular.
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Itis clear that every ternary hypergroup is a regular ternary semihypergroup.

The ternary semihypergroups of the Examples 1.9 and 1.12 are regular ternary semihypergroups.

Lemma 2.2 Every lateral hyperideal of a regular ternary semihypergroup H is a regular ternary
semihypergroup.

Proof. Let L be a lateral hyperideal of a regular ternary semihypergroup H.Then Vael, IxeH,
such that aef(a,x,a). Now aef(ax,a)cf(axf(a,x,a)cf(af(x,a,x),a)cf(al,a). So Ibel such that
acf(a,b,a). Thisimplies that L is a regular ternary semihypergroup.

Remark. Every hyperideal of a regular ternary semihypergroup H is a regular ternary
semihypergroup.

Theorem 2.3 Let (H,f) be a ternary semihypergroup. Then the following statements are equivalent:

1. H is regular.
2. For any right hyperideal R, lateral hyperideal M and left hyperideal L of H,
f(R,M,L)=RAMAL.

3.Va,b,ceH, f((a),.(b),.,.(c)) =(a), " (b), " (c)-

4.VaeH, f((a), (a),,.(a),)=(a), N (a),, " (a),-

Proof. (1)=(2). Let H bea regular ternary semihypergroup. Let R,M and L bea right, a lateral
and a left hyperideal of H respectively. Then clearly, f(R,M,L) cRNMML.Now for acRNMnNL, we
have aef(a,x,a) for some x eH.This implies that aef(a,x,a) = f(f(a,x,a),x,f(a,x,a)) = f(R,M,L) . Thus we
haveRNMNLc f(R,M,L) . So we find that f(R,M,L)=R~MnNL.

Clearly, (2)=(3) and (3)=(4).

(4)=(1). Let aeH. Clearly, ae<a>r m(a)m ﬁ(a)l =f(<a>r,<a>m,<a>|). Then we have,
a ef(f(a,H,H) w{a}, f(H,a,H) W f(H,H,a,H,H) w{a}, f(H,H,a) w{a}) = f(a,H,a) . So we find that aef(a,H,a) and
hence Ix eH such that aef(a,x,a). Thisimplies that a is regular and hence H is regular.

Corollary 2.4 Let (H,f) be a ternary semihypergroup. Then the following statements are equivalent:
1. H is regular.

2. For any right hyperideal R and left hyperideal L of H, f(R,H,L)=RNL.

3. Va,beH, f((a)r,H,<b>|)=<a>r m(b)l.

4. YaeH, f((a)r,H,<a>|) = (a)r m(a)l )

Theorem 2.5 A ternary semihypergroup H is regular if and only if every hyperideal of H is
idempotent.

Proof. Let H be a regular ternary semihypergroup and | be any hyperideal of H. Then
f(I,L,) = f(H,H)<I. Let acl.Then 3IxeH such that aef(a,x,a) =f(a,x,f(a,x,a)). Since | is a hyperideal

and ael, f(x,a,x)cl. Thus aef(a,x,a)cf(a,x,f(a,x,a)) =f(,l1). Consequently, I<f(,ll) and hence
f(,L,)=1, thatis | is idempotent.

Conversely, suppose that every hyperideal of H isidempotent. Let A,B and C bethree
hyperideals of H. Then f(A,B,C) < f(A,H,H) < A,f(A,B,C)=f(H,B,H =B and f(A,B,C) = f(H,H,C)=C. This
implies that f(A,B,C)c ANBNC. Also, f(ANBNC,ANBNC,ANBNC)cf(A,B,C). Again, since
ANBNC is a hyperideal of H, f(ANBNC,ANBNC,ANBNC)=ANBNC.Thus AnNBNCcf(A,B,C)
and hence ANBNC=f(A,B,C). Therefore, by Theorem 2.3, H is a regular ternary semihypergroup.

554 AKTET Vol. IV, Nr 1, 2011



Hila & Naka

Theorem 2.6 A commutative ternary semihypergroup H is regularif and only if every hyperideal of
H is semiprime.

Proof. Let H be a commutative regular ternary semihypergroup and | be any hyperideal of H such
that f(A,A,A)c| for any hyperideal A of H. From Theorem 2.3, it follows that f(A,AA)=A.

Consequently, Al and hence | is a semiprime hyperideal of H.

Conversely, suppose that every hyperideal of a commutative ternary semihypergroup H is
semiprime. Let aeH. Then f(a,H,a) is a hyperideal of H. Now by hypothesis, f(a,H,a) is a semiprime

hyperideal of H. If f(a,H,a)=H, then we are done. Now suppose that f(a,H,a)#H . Then
f((a),(a),(a)) = f(f(H,H,a)Uf(a,H,H)Uf(H,a,H)U
U f(H,H,a,H,H)w{a},f(H,H,a)uf(a,H,H) U
wf(H,a,H)Uf(H,H,a,H,H)w{a},f(H,H,a)w
uf(a,H,H) U f(H,a,H)Uf(H,H,a,HH)U{a})
< f(a,H,a)
thatis, f((a),(a),(a)) = f(a,H,a). This implies that (a) = f(a,H,a), since f(a,H,a) is a semiprime hyperideal

of H.Consequently, aef(a,x,a) for some xeH and hence H is aregular ternary semihypergroup.

Theorem 2.7 Let (H,f) be a ternary semihypergroup and | a hyperideal of H. The following
statements are equivalent:
1. | is a regular hyperideal of H;

2. VaeH, qu({a)r,<a>m,<a>|) = Iu((a)r m(a)m m(a)l);
3.VaeH\lI, either aef(a,ag,a,ay,a) or aef(aby,by,abz,by,a), for some ay,a;,bq,by,b3,b4 €H.
Proof. (1) =(2). Suppose that | is a regular hyperideal. Then VaeH,
Iu(<a>r m(a}m m(a)l)g<lu<a>r>r,<lu<a>m>m,<lu<a>l>l Moreover, since each of the three sets on the right

side contains|, then we have
Iu((a)r m(a)m m(a)l)g
;(Iu<a>r>r m<lu<a>m>m m(l u<a>l>l =
=Iuf(lu(a)r,lu<a>m,lu<a>l)=qu(l,|u<a>m,lu<a>l)u
uf(<a>r,l,lu(a)l)uf(<a>r,<a>m,l) uf(<a>r,<a>m,<a>l)=
=1uf((a),,(a), (@) ctu(@), (), M)
(2)=(3). We note that
(1o(a),). = (wa),) MHAH=IUF(O(E),) HH) =
1O f(I,H,H) W f((a)_,H,H) U f(,H,H,H,H) U
wf((a), ,H,H,H,H) =
v f(l,H,H) v f(a,H,H,H) W f(a,H,H,H,H) W
v f(,H,H,H,H) v f(a,H,H,H,H) U f(a,H,H,H,H,H,H) =
1w f(I,H,H) U f(a,H,H) U f(a,H,H,H,H) =
(1 f(a,H,H)) =1 f(a,H,H).

In the same manner, we obtain

AKTET Vol. IV, Nr 1, 2011 555



Hila & Naka

(u@),) = (UfHaH), =1UfHaHUTHHaHH),

m
(1u(@)), = (UtHHa) =1UTHHA).
Then
(luf(a,H,H))r N(1UfH,a, H))m m(|uf(H,H,a))I =
=1Uf(1Uf@a,HH) _,(1UfH,a,H) _,(1UfHH,a)) =
=luf(a,H,H,H,a,H,H,H,a) U f(a,H,H,H,H,a,H,H,H,H,a)=
=luf(a,H,a,H,a)wf(a,H,H,a,H,H,a).
(3)=(1).Let R bean arbitrary right hyperideal, M an arbitrarylateral hyperideal, L an arbitrary

left hyperideal of H all containingl. Let us assume that | satisfies (3). It is clear that,
IUf(R,M,L)cRNMNL.

letacRNMNL.By (3), a€l or aef(a,aq,a,a,,a) or acf(a,by,b,,a,bsz,by,a) for some

The result now follows.

ay,a,bq,by,bs, by eH. We note also thatin the second and third cases we have:
a € f(a,ag,a,a1,3,23,3,a5,a)=f(f(a,aq,a;),f(a;,a,a;),f(a,a;,a)),
a e f(a,bq,by,a,bq,by,a,b3,b,,a,b3,b,,3)=
=f(f(a,bq,by),f(a,bq,by),a,f(b3,b,,a),f(b3,by,a)).
Hence in the last two cases we have
aef(f(a,xy,x3),flyq,a,v3),f(z1,25,3)),
for some x,,X3,Y1,Y2,21,Z; €H. Whence, in any case we have aclUf(R,M,L) and therefore
IUf(R,M,L)=RNMNL.

Theorem 2.8 Let (H,f) be a ternary semihypergroup and | a regular hyperideal of H. Then, for any
right hyperideal R, lateral hyperideal M and left hyperideal L of H,if f(R,M,L)cI,then RNnMNLclI.

Proof. Suppose f(R,M,L)c=I and | is a regular hyperideal. Then

RAMALC(IUR) Nn(luM) n(luL) =

IUf(IUR)(lum) (oL )=1uf(,(um) (uL) )=

=R (1U L>I) UFRM,)UFR,M,L) .

Corollary 2.9 Aregular and stronglyirreducible hyperideal is always prime.

Corollary 2.10 Every regular hyperideal is prime.

Definition 2.11 Let (H,f) be a ternary semihypergroup and QcH. Then Q is called a quasi-
hyperideal of H ifand onlyif

f(Q,HH N f(H,QH N f(HHQ)cQ and f(QHHNfHHQHHNfHHQcQ.

Theorem 2.12 Let (H,f) be a regular ternary semihypergroup and Q< H. Then Q is a quasi-
hyperideal ifand onlyif f(Q,H,Q,H,Q)~f(Q,HH,Q,HHQ)cQ.
Proof. Let H be a regular ternary semihypergroup and Q be a quasi-hyperideal of H. Then
f(Q,H,Q,H,Q)~f(Q,H,H,Q,H,H,Q) = f(H,HQ),f(QHH), and f(H,Q,H)w f(H,H,Q,H,H)
and hence
f(Q,H,Q,H,Q)f(Q,H,H,Q,HHQ)c

g f(HI HI Q) m (f(HIQI H) U f(HI HI QI HI H)) m f(QI H) H) g Q'
Conversely, suppose that H is regular and f(Q,H,Q,H,Q)~f(Q,H,H,Q,HHQ)cQ.

556 AKTET Vol. IV, Nr 1,2011



Hila & Naka

Then
f(Q,H,H) N (f(H,Q,H) U f(H,H,Q,H,H)) " f(H,H,Q) =
= f(f(Q,H,H), f(H,Q,H) w f(H,H,Q,H,H),f(H,H,Q)) =
=f(f(Q,H,H),f(H,Q,H),f(H,H,Q)) U f(f(Q,H,H),f(H,H,Q,H,H),
f(H,H,Q)) c f(Q,H,Q,H,Q) U f(Q,H,H,Q,H,H,Q)c Q.

Theorem 2.13 Let (H,f) bea regular ternary semihypergroup and Q;,Q,,Qz be three quasi-hyperideals
of H.Then f(Qq,Q,,Q3) is a quasi-hyperideal.
Proof.
f(f(Qq,Q2,Q3),H,f(Q1,Q,,Q3),H,f(Qq,Q;,Q3)) U (f(Qq,Q,,Q3),HH,
f(Qq,Q,,Q3),H,H,f(Q;,Q,,Q3)) = (f(Q4,f(Q,,Q3,H),Q4,f(Q,,Q3,H),Q4),Q,,Q3) U
Uf(f(Qllf(Q2]Q3lH)lHIQlIf(QZIQSIH)Iqul)IQZIQS)g(Ql[QZIQS)'
Corollary 2.14 The family of all quasi-hyperideals of a regular ternary semihypergroup is a ternary
semihypergroup.

3. COMPLETELY REGULAR AND INTRA-REGULAR TERNARY SEMIHYPERGRO UPS
Definition 3.1 Let (H,f) be a ternary semihypergroup. An element acH is said to be left (resp.
right) regularif 3x eH such that aef(x,a,a) (resp. aef(a,a,x)).
If all the elements of a ternary semihypergroup H are left (resp. right) regular, then H is called left
(resp. right) regular.
The ternary semihypergroup of the Examples 1.9 is a completely regular ternary semihypergroup.

Theorem 3.2 Aternary semihypergroup (H,f) is left (resp. right) regularif and onlyif every left (resp.
right) hyperideal of H is completely semiprime.

Proof. Let H be a left regular ternary semihypergroup and L be any left hyperideal of H. Suppose
that f(a,a,a) <L for acH. Since H is left regular, IxeH such that
aef(x,a,a) cf(x,f(x,a,a),a) < f(x,x,f(a,a,a) c f(HHL) L. Thus L is completely semiprime.

Conversely, suppose that every left hyperideal of H is completely semiprime. Now VaeH, f(H,a,a)
is a left hyperideal of H. Then by hypothesis, f(H,a,a) is a completely semiprime hyperideal of H. Now
f(a,a,a) = f(H,a,a). Since f(H,a,a) is completely semiprime, it follows that aef(H,a,a). So IxeH such
that aef(x,a,a). Consequently, a is left regular. Since a is arbitrary, it follows that H is left regular.

Similarly, it can be proved the theorem for the right regularity.

Definition 3.3 Let (H,f) be a ternary semihypergroup. An element a€H is said to be completely
regularifitis left regular, right regular and regular.

If all the elements of H are completely regular, then H is called completely regular.

Proposition 3.4 A ternary semihypergroup (H,f) is completely regular if and only if aef(a,a,H,a,a),
YaeH.

Proof. Let H be a completely regular ternary semihypergroup andaeH. Then, by the definition, we

have that aef(a,a,H) and aef(H,a,a), that is aef(a,a,H Nf(H,a,a). Since H is completely regular,
Ix eH such that aef(a,x,a).So we have
a e f(a,x,a) < f(f(a,a,H),x,f(H,a,3)) < f(a,a,f(H,x,H),a,a) < f(a,a,H,a,a).
Conversely, suppose that VaeH, aef(a,a,H,a,a) . Then
1. aef(a,a,H,a,a) = f(a,f(a,H,a),a) = f(a,H,a), thatis H is regular.
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2. aef(a,a,H,a,a) = f(f(a,a,H),a,a) = f(H,a,a), thatis H is left regular.
3. aef(a,a,H,3,a) = f(a,a,f(H,a,a)) = f(a,a,H), thatis H is right regular. Therefore H is completely
regular.

Theorem 3.5 Aternary semihypergroup (H,f) is completely regularif and onlyif every bi-hyperideal
of H is completely semiprime.

Proof. Suppose that H is completely regular ternary semihypergroup. Let B be any bi-hyperideal of
H. Let f(b,b,b)cB for beB. Since H is completely regular, from Proposition 3.4, it follows that
b e f(b,b,H,b,b). This implies that Ix eH such that

b e f(b,b,x,b,b)cf(b,f(b,b,x,b,b),x,f(b,b,x,b,b),b)=

f(b,b,b,f(x,b,b,x),b,f(b,b,x,b,b),x,b,b,b) =
f(b,b,b,f(x,b,b,x),b,b,b,f(x,b,b,x),b,b,b)  f(B,H,B,H,B)  B.
This shows that B is completely semiprime.
Conversely, suppose that every bi-hyperideal of H is completely semiprime. Since every left and right
hyperideal of a ternary semihypergroup H is a bi-hyperideal of H, it follows that every left and right
hyperideal of H is completely semiprime. Consequently, we have from Theorem 3.2 that H is both left
and rightregular.

letacH. We considerf(a,H,a). Let x,y,zef(a,H,a) and hy,h, eH. Then for some ho,hlo,h'(; eH we
have:
f(x,hy,y,hy,2) = f(f(a,hg,a),hy,f(a,hg,a),hy, f(a,hg,a) = F(a, flhg,a,hy,a,h,a,hp,a,h0),8) = f(a,H,a).
This implies that f(f(a,H,a),H,f(a,H,a),H,f(a,H,a)) = f(a,H,a). Thatis, f(a,H,a) is a bi-hyperideal of H. Since
f(a,a,a) = f(a,H,a) and f(a,H,a) is completely semiprime, it follows thataef(a,H,a), VaeH. Thatis H is
regular. This completes the proof.

Theorem 3.6 If (H,f) is a completely regular ternary semihypergroup, then every bi-hyperideal of H

is idempotent.
Proof. Let H be a completely regular ternary semihypergroup and B be a bi-hyperideal of H. Since
H is a completely regular ternary semihypergroup, itis also a regular ternary semihypergroup. Let beB .

Then 3Ix €H such that b e f(b,x,b). This implies that b e f(B,H,B) and hence B < f(B,H,B) . Also
f(B,H,B) = f(B,H,B,H,B) =B . Thus we find that B=f(B,H,B) . Again, we have from Proposition 3.4
thatbef(b,b,Hb,b)cf(B,B,HB,B). This implies that B< f(8B,B,H,B,B)=f(8B,f(B,H,B),B)=f(B,B,B) =B .
Consequently, f(B,B,B)=B.

Definition 3.7 A ternary semihypergroup (H,f) is called intra-regularif YaeH,3x,y eH such that
acf(x,a,a,a,y).

Theorem 3.8 If (H,f) is anintra-regular ternary semihypergroup, then for every left hyperideal L,
lateral hyperideal M and right hyperideal R of H, LMMNRcf(L,M,R) .
Proof. Suppose that H isanintra-regular ternary semihypergroup. Let L,M and R be a left hyperideal,
lateral hyperideal and a right hyperideal of H respectively. Now for acLNMMR, we have
aef(x,a,3,a,y) for some x,y €H. This implies that
aef(x,a,3,a,y) C f(f(x,x,3,3,a),fly,x,a,3,a,y,),f(3,3,a,y,y)) c f(LM,R) . Thus we have LmMMNR cf(L,M,R) .

Proposition 3.9 Let (H,f) be an intra-regular ternary semihypergroup. Then a non-empty subset | of

H is a hyperideal of H if and onlyif | is a lateral hyperideal of H.
Proof. Clearly,if | is a hyperideal of H, then | is alateral hyperideal of H.
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Conversely, let | be a lateral hyperideal of anintra-regular ternary semihypergroup. Let a<l and
s,teH.Then aeH and hence 3x,y €H such that af(x,a,a,a,y) . Now
f(s,t,a) = f(s,t,f(x,a,3,3,y)) < f(H,,H | and f(a,s,t) = f(f(x,a,3,3,y),s,t)  f(H,,H <. This implies that | is both a left
hyperideal and a right hyperideal of H. Consequently, | is a hyperideal of H.

Lemma 3.10 Every lateral hyperideal of an intra-regular ternary semihypergroup (H,f) is an intra-

regular ternary semihypergroup.
Proof. Let L be a lateral hyperideal of an intra-regular ternary semihypergroup H. Then Vael,

dx,y €H such that aef(x,a,a,a,y) . Now
acf(x,a,a,a,y) cf(x,f(x,a,3,3,y),f(x,9,3,3,y),f(x,3,3,3,y),y) = f(x,%,3,3,3,y,Y),f(a,a,a),f(y,x,a,3,3,y,y)) = f(L,f(a,a,a),L)
This implies that Ju,v el such that aef(u,f(a,a,a),v). Consequently, L is anintra-regular ternary
semihypergroup.

From the Proposition 3.9 we have the following corollary:

Corollary 3.11 Every hyperideal of anintra-regular ternary semihypergroup H is anintra-regular
ternary semihypergroup.

Theorem 3.12 Let | be a hyperideal of an intra-regular ternary semihypergroup H and J be a
hyperideal of |. Then J is a hyperideal of the entire ternary semihypergroup H.

Proof. It is sufficient to show that J is a lateral hyperideal of H. Let aeJcl and s,teH.
Then f(s,a,t) <I. We have to show that f(s,a,t)cJ. From Corollary 3.11, it follows that | is an intra-
regular ternary semihypergroup. Thus Ju,v €l such that

f(s,a,t) = f(u,f(s,a,t),f(s,a,t),f(s,a,t),v) = f(f(u,s,a,t,s),a,f(t,s,a,t,v)) = f(l,J,]) = J

Consequently, J is alateral hyperideal of H.

Theorem 3.13 A ternary semihypergroup (H,f) isintra-regular if and only if every hyperideal of H is

completely semiprime.
Proof. Let H be anintra-regular ternary semihypergroup and | be a hyperideal of H. Let f(a,a,a) <|I

for aeH. Since H is intraregular, 3x,yeH such that aef(x,f(a,a,a),y)<!|. Consequently, | is

completely semiprime.
Conversely, suppose that every hyperideal of H is completely semiprime. Let aeH. Then

f(a,a,a) g(f(a,a,a)) . Thisimplies that ae <f(a,a,a)> ,since (f(a,a,a)) is completely semiprime. Now
(f(a,a,a)) = f(H,H,f(a,a,a)) U f(f(a,a,a),HH) U f(H,f(a,a,a),H U
wf(H,H,f(a,a,a),H,H) Uf(a,a,a)

So we have the following cases: If acf(H,H,f(a,a,a)), then f(a,a,a) = f(H,H,f(a,a,a),3,a). Hence
aef(H,HHH,f(@a,3,a),a,a) c f(HHH,a,a,3a,H cf(Hf(aaa)H If acf(f(aaa),HH),then f(a,a,a)cf(a,a f(aaa)HH).
Hence aef(a,a,f(a,a,a),H,H,HH) < f(H,a,3a,a,HHH cf(H,f(a,a,a),H) If acf(H,f(a,a,a)H),then wearedone.

If aef(H,H,f(a,a,a),HH),then f(a,a,a)cf(a,H,H,f(a,a,a),HH,a).

Hence, a € f(H,H,a,H,H,f(3,a,a),H,H,a,HH < f(HH,H,f(a,3,3),HHH) < f(H f(aaa)H.
If aef(a,a,a), then, acf(a,a,a) =f(f(a,a,a),f(a,a,a),f(a,a,3a) = f(H f(a,a,a),H
So we find thatin any case, H isintra-regular
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