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PERMBLEDHIE

Nocioni i hapésirés sé dislokuar metrike éshté njé prej pérgjithésimeve té shumta té hapésirés metrike,tek e cila né
bazé mbetet parimi i kontraktimit té Banahut . Koncepti i largesés sé dislokuar ka zbatime té dobishme né analizén
semantike té logjikés sé programimit e né shkencat kompjuterike. Né vitin 2005 Zeyada e té tjeré prezantuan
konceptin e hapésirés metrike kuazi té dislokuar, si njé pérgjithésim té hapésirés metrike té dislokuar, gjithashtu
pérgjithésuan parimin e kontraktimit té Banahut né kéto hapésira. Duke pérdorur njé klasé funksionesh té
vazhdueshém me katér variabla, ne pérftojmé disa teorema mbi pikat fikse né hapésirat metrike te dislokuara e
kuasi te dislokuara, per nje cift funksjonesh te vazhdueshem dhe per nje funksjon té vetém.( mbi egzistencén dhe
unicitetin). Rezultatet tona zgjerojné dhe pérgjithesojne disa rezultate te koheve te fundit.

Fjalét gelés: largesé e dislokuar, largesé kuazi e dislokuar, piké fikse, vargu d-konvergjent,varg dg-konvergjent.

SUMMARY

The notion of dislocated metric space is one of the various generalizations of metric space, that retains a variant of
the illustrious Banach’s Contraction principle and has useful applications in the semantic analysis of logic
programminglater in 2005 Zeyada, F.M. et al introduced the concept of dislocated quasi-metric space and
generalized the Banach’s Contraction principle in such spaces. The authors there, described the convergence of
sequence Cauchy sequence, completeness,.. The purpose of this note is to study and give some fixed point
theorems and some generalizations in dislocated metric space. Using a class of continuous functions G, we establish
fixed point theorems (existence and uniqueness) in dislocated and dislocated quasi-metric spaces, for a pair of
continuous mappings and a single mapping. Our results extend and generalize some recently results in the
literature.
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INTRODUCTION convergence of sequence in dislocated quasi-
Notion of dislocated metric spaces was metric space and introduced the completeness.
introduced by Hitzler and Seda in 2001 as a Further many authors as Isufati, A [1], and Aage,
generalization of metric spaces, where self C. T. & Salunke, J. N. [2], [3], R. Shrivastava, Z. K.
distances need not to be zero. The concept of Ansari and M. Sharma [6] proved fixed point
dislocated metric space is very useful in logic theorems in dislocated and dislocated quasi-
programming. They generalized famous Banach metric spaces, for a single and a pair of
contraction principle in this space. continuous mappings.

In 2005 F.M. Zeyada et al. introduced the concept The purpose of this paper is to prove common
of dislocated quasi-metric space and generalized fixed point theorems, generalize, give new and
the result of Hitzler, P. and Seda, A. K. in such improve results in the existing literature, using a

spaces. The authors there described the class of continuous functions G, .
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PRELIMINARIES
We start with base and auxiliary definitions and
notations, which will be used throughout in this

paper.
Definition 2.1 [3] Let X be a nonempty set and let
d:XxX—[0,0) be a function satisfying following

conditions:

d;d(x,y)=d(y,x)=0=x=y
d,:d(x,y)<d(x,z)+d(z,y), forallx,yeX.

Then d is called a dislocated quasi-metric
onx, —>x. Ifd satisfies d(x,x)=0, for all xeX,

then the dislocated quasi-metric is called a quasi-
metric onX. If d satisfiesd(x,y)=d(y,x) for

allx,ye X, then the dislocated quasi-metric is
called a dislocated metric on X .

Definition 2.2 [3] A sequence (x,) in dg-metric
space (X,d) is called Cauchy if for all £>0,

Jng eN such that Vm,n>n,, d(x,,,x,)<¢e or

d(x,,x,)<&.

Definition 2.3[3] A sequence (x,) dislocated
quasi converges or dg-converges to x if
limd(x,,x)=limd(x,x,)=0. In this case x is called a
dg-limit of (x,) and we write x, —>x .

Definition 2.4 [3] A dg-metric space d, if every
Cauchy sequence in it is dg-convergent.

Example 2.5 Let X =[0,1]and d(x,y)=max{x,y} .
Then the pair (X,d) is a dislocated metric space.

We define an arbitrary sequence (x,) in X by

3
X, = ,neNU{0}. Let e=sup,., {——, then
312 3" 42

fornmeNand n>m, we
3 3 3
haved(x,,x,)=d , =
3"+2°3"+2) 3"+2
(x,)is a Cauchy sequence in X . Also asn—o,

<¢.Thus,

then x, >0 X . Hence, every Cauchy sequence

in X is convergent with respect to d . Thus,
(X,d) is a complete dislocated metric space.

Lemma 2.6 [3] Every subsequence of dg-
convergent sequence to a point x, is dg-

convergent to x, .
Definition 2.7 [3] Let (X,d) be a dg-metric space.
A mapping T:X — X is called contraction if there
exists 0<A<1 such that:

d(Tx,Ty)< Ad(x,y forall x,yeX.
Lemma 2.8 [4] Let (X,d) be a dg-metric space. If
f:X—X is a contraction function, then f"(x,) is
a Cauchy sequence for each x,eX .

Lemma 2.9 [4] dg-limits in a dg-metric space are
unique.

MAIN RESULTS
We consider the set G, of all continuous
functions g:[o,oo)4 —[0,%0)
with the following properties:
a) g is non-decreasing in respect to each
variable
b) g(t.t,t,t)<t,t €[0,0)
Some examples of these functions are as follows:
g9,:9(t,,t,,t5,t, ) =max{t,,t,,t,,t,}
9,:9(t,,t,,t,,t, ) =max{t, +t,,t, +t,,t, +t,,t, +t,}

1

g5:9(t,ty,ts,t, ) =[ max{t,t,, t,t;, tit, 1t} 2

g, :g(tl,tz,ts,t4):[max{tf,tf,tf,tf}ﬁ,p>0
gs:g(t,t,ty,t, ) =ct, + Gty + G5ty + ¢t
with0<c, +c,+c,+¢c, <1
Theorem 3.1 Let (X,d) be a complete
dislocated metric space and T,5: X —> X

two continuous mappings satisfying the
condition:

d(x,y),d(x,5x),d(y,Ty),
d(Sx,Ty)<cg| d(x,5x)d(y,Ty) (1)
d(x,y)
forall x,yeXwhere geG, and 0<c<1.Then T

and S have a unique common fixed
pointin X .
Proof. Let x, be an arbitrary pointin X .Define

the sequence (x,) as follows :

X, = S(Xo), Xy =T(X,)seeees X =T (X5 1), X500 =S(X,) o0
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By condition (1) we have:
d(XZn+1’XZn+2)Zd(SXZn’TXZn+1)

d(XZn’X2n+1 )'d(XZn’SXZn)'

d(X2n+1'TX2n+1)l d(XZn'SXZn)d(X2n+1’TX2n+l)
L d(XZn'X2n+1)
kd(XZH’X2n+1)’d(X2n1X2n+1)’d(X2n+1'X2n+2 )l
= Cg d(XZ!l’XZrHl )d(X2n+1'X2n+2)
L d(XZn'XZn+1)
<cd (X %n)

2n+1772n

<cg

Thus
d(X2n+1’X2n+2)SCd(XZn'XZrHl) (2)
Similarly by condition (1) have :
d(XanX2n+1)=d(TX2n—1rSX2n)

=d(S%,,, %)
_d(XZn’Xanl)'d(XZn'SXZn)’
s, 29600 )
L d(in’infl)
d(XZn’Xanl)'d(xln’X2n+1)’d(X2n—1'X2n)’
=cg d(X2n1X2n+1)d(X2n—1rX2n)
d(XZn'XZn—l)
<cd(Xyp0%5,)

2n-17""2n

<cg

Thus

d( Xy X ) S €A (X515 %5 (3)

Generally by conditions (2) and (3) have
d(x,,X,.,)<cd(X,.,x,)<...<c"d(xy,%,) for nell

Now for n,meN with n<m, we have:

d(X,, %, ) S (X, X0 )+ 0 (Xpgs Xy ) Fovveeenn +d(X,0,X,,)

m-17"m

<c"d(Xg, X, )+ (Xg, X, )+ v +c"d (X, %,)

CH
S—Cd(xo,xl)

1_
Since0<c<1, for n,m—oo we
haved(x,,x,)—>0. Hence (x,) is a Cauchy
sequence in complete dislocated metric

space(X,d). So there exists ueX such that (x,)
dislocated converges to wueX.Therefore the
subsequences (Sx,,)—u and (Tx,,,)—>u. Since
T,S:X — X are continuous mappings we get:

Su=uand Tu=uThus, u is a common fixed point
of T and S.

Uniqueness : Let suppose thatu andv are two
fixed of T;Swhere Su=u andTv=v.

From condition (1) we have:

d(u,v)=d(Su,Tv)

< cg{d(u,v),d(u,Su),d(v,Tv),W}

=cg{d(u,v),d(u,u),d(v,v),W}
(4)
Replacingv=u in (4) we get:
d(u,u)=d(Su,Tu)
d(u,u),d(u,Su),d(u,Tu),
<cg| d(u,Su)d(u,Tu)

d(u,u)
d(u,u),d(u,u),d(u,u),
d(u,u)
<cd(u,u)

Since 0<c<1 we obtain d(u,u)=0

Similarly  replacing u=v in (4), we
obtaind(v,v)=0. Again from (4) have
d(u,v)<cd(u,v)since getd(u,v)=0,
which implies u=v .Thus fixed point is unique.
The following example illustrates theorem 3.1
Example 3.2 Let X=[0,1]andd(x,y)=max{x,y} .

0<c<1

Then(X,d) is a dislocated metric space. Define,

Sx:O,Tx:%. Clearly T,Sare continuous and
condition (1) is satisfied for allx,yex,
where%§c<1, and take the

function g(t,,t,,t,,t,)=max{t,,t,,t,,t,} .
Clearly 0is the unique common fixed point of
TandS.
Corollary3.3 Let (X,d) be a complete dislocated
metric space and 7,S: X — X two continuous
mappings satisfying the condition:
d(x,y),d(x,5x),d(y,Ty),
d(sx,Ty)<cmax< d(x, Sx)d(y, Ty)
d(x,y)

forallx,yeX and 0<c<1.Then T and S havea
unique common fixed pointin X .
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This theorem is taken as a corollary of theorem
3.1, if we use the function g, .
Corollary 3.4 Let (X,d) be a complete dislocated
metric space and 7,5: X — X two continuous
mappings satisfying the condition:
d(x,y)+d(x,5x),
d(x,y)+d(y,Ty)
d(SX,Ty)ScmaX ,d(x,Sx)+d(y,Ty),
d(x’y)+d(x,5x)d(y,Ty)
d(x.y)
forallx,yex and 0<c<1.Then T andS havea
unique common fixed pointin X .

This theorem is corollary of theorem 3.1 if we use
the function g, .

Corollary 3.5 Let (X,d) be a complete dislocated

metric space andT7,S:X—>X two continuous
mappings satisfying the condition:

d(x,y)d(x,5x),d(x,y)d(y,Ty),
d*(Sx,Ty)<cmaxyd(x,Sx)d(y,Ty),
d(x,5x)d(y,Ty)
d(x,y)
forallx,yeX and 0<c<1.Then T andS havea
unique common fixed pointin X .

This theorem is corollary of theorem 3.1 if we use
the functiong, .

d(y.Ty)

Corollary 3.6 Let (X,d) be a complete dislocated

metric space and T,S: X — X two continuous
mappings satisfying the condition:
d”(x,y),d”(x,5x),
d”(Sx,Ty) <cmax & (,1y) (d(X,SX)d(y,Ty)jp
Y d(x,y)
forallx,yex and 0<c<1.Then T and S havea
unique common fixed pointin X .
This theorem is taken as a corollary of theorem
3.1, if we use the function g, .
Remark 3.7 The theorem3.6 of C.T. Age and J.N.
Salunke[2], the Theorem3.7 of R. Shrivastava et al
[4] are special case of corollaries 3.3 and 3.4.
Lemma 3.8 Let (X,d) be complete dislocated

quasi-metric space and T: X — X be a continuous
mapping, satisfying condition

d(x,y),d(x,Tx),d(y,Ty),
d(Tx,Ty)<cg| d(x,Tx)d(y,Ty) (5).
d(x,y)
forallx,yeX, where0<c<land geg,.
If u isa fixed point of T then d(u,u)=0
Proof: By condition (5) we have:
d(u,u)=d(Tu,Tu)
d(u,u),d(u,Tu),d(u,Tu),
<cg| d(u,Tu)d(u,Tu)
d(u,u)
d(u,u),d(u,u),
Cg{dzu,u;,dgu,u; }
<cd(u,u)

Therefore d(u,u)<cd(u,u) which implies

d(u,u)=0 since 0<c<1.
Theorem 3.9 Let (X,d) be complete dislocated
guasi-metric space and T: X — X a continuous
mapping satisfying the condition (5):
d(x,y),d(x,Tx),d(y,Ty),
d(Tx,Ty)<cg| d(x,Tx)d(y,Ty)
d(x,y)
forall x,yeX, where geG, and 0<c<1.Then,

T has a unique fixed point in X .
Proof. Let x, be an arbitrary point in X . Define
the sequence (x,) as follows:
X, =T ), %, =T(X,),000 X, =T(X,),..
By condition (5) we have :
d(xn,x ):d(TxH,Txn)
d(x,0,%,),d(X, 0,7, ),

<cg d(x,,,Tx,,)d(x,,Tx,
d(x, 7x,), % ld(xl)x() )

n-17""n

n+l

d(xn—l’Xn)’d(xn—llxn)'d(xn’xn+1)’
d(x" X )

7 n+1

<cd(x,,,X,)

n-17"n

cg

Thus

d(x",xn+1)£cd(xn71,x") (6)
Similarly by condition (5) have:
d(x,.,x,)<cd(X,5,%,,) (7)

n=17""n

Generally by (6) and (7) have
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d(x,,x

1) <€ (Xg,%,)

Taking limit asn—oand since0<c<1, we get
d(x,,X,,)—0.

Similarly we can show: d(x,,,,x,)—0.

Hence (x,) is a dq Cauchy sequence in complete
dislocated quasi-metric space(X,d). So there
ueXsuch that (x,)

converges to u. Since T is a continuous mapping
we get:
Tw)=T(limx,)=limT(x,)=lim(x,,,)=u .Thus, u is a

exists dislocated quasi

fixed point of 7.
Uniqueness: Let suppose that u=v are two fixed
points of T where Tu=uand Tv=v.
Using condition (5) and lemma 3.8, we have:
d(u,v)=d(Tu,Tv)
d(u,Tu)d(v,Tv)
<cg|d(u,v),d(u,Tu),d(v,Tv), ——F—=
cg[ (u,v),d(u,Tu),d(v,Tv) 3(o)
<cd(u,v)

So d(u,v)<cd(u,v), since 0<c<1 get d(u,v)=0.
Similarly we get d(v,u)=0.

Therefore: d(u,v)=d(v,u)=0 impliesu=v . Hence
fixed point is unique.

Corollary 3.10 Let (X,d) be a complete
dislocated quasi-metric space and

T:X — X a continuous mapping satisfying the
condition:
d(x,y),d(x,7x),d(y.Ty),
d(Tx,Ty) <cmaxs d(x,7x)d(y,Ty)
d(x.y)
forallx,yeXx and 0<c<1.Then T has a unique
fixed pointin X .
Proof. This theorem is taken as corollary of
theorem 3.9 if we use the function g, G, .
Corollary3.11 Let (X,d) be a complete dislocated

metric space and T: X — X two continuous
mappings satisfying the condition:

d(x,Tx)d(y,Ty)

d(xy)
forallx,yeX and 0<c<1.Then T hasa unique
common fixed pointin X .

This theorem is corollary of theorem 3.9 if we use
the function g, .

Corollary 3.12 Let (X,d) be a complete
dislocated quasi-metric space and
T:X — X a continuous mapping satisfying the
condition:

d(Tx,Ty)<c,d(x,y)+c,d(x,Tx)
d(x,7x)d(y,Ty)

d(x,y)

forallx,yeX and 0<c +c,+c,+c,<1.Then

+c,d(y,Ty)+c,

T has a unique fixed point in X .

Proof. This theorem is taken as corollary of

theorem 3.9 if we use the function g, G, .

Remark 3.13

e The results of C. T. Aage and J. N. Salunke [3]
and A. Isufati [1], theorem 3.3 and corollary
3.1 of R. Shrivastava et al[6], are special case
of corollaries 3.10, 3.11, 3.12.

o If in corollary 3.12 we put ¢y = c; = 3 = €3,
we obtain a Lipchtic form of contraction.

e Using the functions g; and g, we can take other

corollaries from theorem 3.9.
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